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Abstract- In this work the A -Riesz potentials are given and the problem of its totally differentiability is investigated. Numerical

experiments support theoritical results.
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|. INTRODUCTION
Let O<a<n, x,yel", f belongingto L, (")
spaces.

R,f=[R,(x-y)f(y)dy

Define the integral operator called Riesz potential [1] where
R, (X—Y) isthekernd of Riesz potential and defined
a—-n
R,()=(X++x) 2.
For positive A,,...,4,,xe" and |A|:/11+~~+An

1 1 %
I, =[x+

is the non-isotropic distance between points X and 0 [2]. It
is obvious that the Euclidean distance is a special case of this

. _ 1 .
distance corresponding to AJ. =E, j=1..,n.

For O<a<n, let’s define the Riesz potential
depending on A —distance as[3].

AT = [ Ix=y[; " f(ydy
’

In this article, totally mtimes differentiability of A -Riesz
potentials is investigated. But , firstly, some basic properties
of A - Riesz potentials are given[2], [4], [5].

Lenmall For kell, j=1..,n

ak a-n 0 S 717 Moz—n—s
S =2 s e
where

(sanx,)"=(sanx)* -~ (sanx,)" [ =[x,
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Il. RESULTS
For any positive @ and | =1,...,n

n
) x| <

n
iy X <X

where |§/1|=§1/11+---+§n,1n, |X|§ :|x1|‘5l |Xn
Lemma 2.1. For apositive natural m
denote

)=o) 26 < (2] e |0

Em

Sn

where ye[1 " - B, (0, 2”)(”1)' Then there exist a positive
constant C such that

-

Ka(xy)= 3 CH

|é[=m+1

= &

(or—n)—1
Ivl, "

where E, (x—y) = ||X— y||i‘7n isthe kernel of A - Riesz

potentialsand B, (X, ) isthe A -ball centered at X with
radius I . That is

B,(xr)={yel":|x-y|, <r}.
Lemma 2.2. Theintegral
[ E.(x-y)dy
B, (%.1)
isinfinitely differentiablein BA(XO,l).
Lemma2.3.Let f beanonnegative and localy integrable

functionin [ " Inorder A, f(X) # oo itisnecessary and
sufficient that

j Ix=y[;" f (y)dy<oo (2.0)

0B, (x)
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for some X e[l ", moreover (2.1) isequalent to

a—-n
[ (el f
Dn
Lemma24.Let f beanonnegative measurable functionin
0", ap=nand pp'=p+ p". Thenthereexist a
positive constant M such that for any a >0

j A y)dy <M (_[a) pll(t)tldt}p

a

(y)dy <o

[ ] fp(yW(f(y))dy]p
{y:f(y)=a}

Definition 2.5. The function U istotally m times
differentiable at point X, if there exist a polinomial P(X) of
degree a most M such that

n

im =, u(x)- P(x)} =0

X=X
where
1 , anI n /1] >1
A= =)=
{lmm : anJ|<q 4; <1

Theorem 26. Let f e me( ”), ap=n adthe
following conditions hold:

I(1+||y|| ) f(y)dy<oo
jfp y))dy < oo

Where @ isfunction from Lemma?2.4. Let also

a n U_}‘max :|

E, ={xel "limr {

—f x0)|dy>0}

a-n LN M
E, :{XED " 1|riggwpr2{( Vo e 1)}

] [ ye

B, (xr)

(f(y)-f "(X)w(f(X))\dwO}
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. oY
E, ={xel :lim I(‘ (&)

0M=B,(x.r)

E, (x=Y)[f(¥)~f (%) ]dy=c0}
Then the A -Riesz potentials are totally m times

differentiable at any point of set [1 " — E where
Mm<a and E=EUE,UE,.

Proof. Using the function Km(x, y) from lemma 2.1. for
£t (x)= [ Y
Sfx=;

POJt= ]

0"-B;(%.1)

{E.f(x)-

Kn(xy)f(y)dy

o KT 0]y

B, (%:1)-B, (XOvZHX’XoH;.)

= (&) (x-

13
%)’ lim j Kij Ea}
|E}=m "~ B, (%0, 2|x=%o[)-B1 (%0.r) ox

(%-y)dy+ f () (f )[Km_l(x,y)—

E (e x5 & fim-vy

Jef=m
E.(x=y)[f(¥)-f(x)]dy

.

B, (%2,
=L+, +1+1,+1
where

P(x)= 2 (&) (x=%) lim [

‘§‘<m r—0
0"-B,(%r)

K%T Ea}(xo_ y)f (y)dy+§(§!)l(x—%)§

lim BZ(XOJ)K%T Ea}(x0 —y) f(x%)dy.
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Consider |, . Sinceinthisintegral domain ||X— y0||l >1,
by lemma 2.1. We have

< limfx=xg|, W e W

X—>Xg

[ Iy=xl "t (y)dy

0"-B,(%.1)
mﬁ(/lmm—A)+/lmm| |>O and from (2.1) it follows
that thisintegral isfinite an so
lim x| ™1, =0
Now bermmaleeobtain(A—/Imin )
el s g ]
BA(XO'l)_BJ.(XO’ZHX_XOH}L)
> Iy-nl ) 1))
|g|=m+1 *
)=Mimax ~Ama
A P R
! ()M
- | F(P)dpz[l ]
2,
where
”[f (% —t0)— f (%,)]|1(t.6)|dtde,
1, (t6) = p™™, (0),
Q,(0)=2"%-2,(cos6,)" " ...(cosh, , )"

(sing)™ ) (sing, ). (sing, , )
[2]. Since f € L, (0") and from the definition of E, we
see that

lim [x— x|,

X—>Xg
Using the lemma 2.1 for derivatives of kernel E, (X— y)
we obtain

mI—O
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H
lim [|x = x|,*" " 1,

X— Xg

( min [E]+ )M

< f (%)X (€))7 x-

[E]=m

a m+1
. — E, (s-y)dy
B ('[ 1)(‘%(] ( )

and from the definition E, we see that for any point

% €l "—E,
lim [x—x," nI =0.
X=Xy
Consider theterm |, . Applying the mean-value theorem we
have
R
el ™ 1, < x=l i

[f(y)=f(x)|dy
B, (%0, 2%l )-B: (% 1)
and lemma 2.2 the |ntegral on theright side finite and

lim[x—x|.* nI =0.

X=X

Finally consider theterm | . For

yeB, (xO 2||x—x0|| ) and x—>x0 we have

[x=x|*™ " s =[x=x[,""
am
( | )IIX—YIIi ()~ f(%)]dy
By (X0:2|X—Xo]
ol !
=[x, | y)|x=y[, " dy

{YEBA(XOvzHX—XoH;,)"//(YVa}
where a is any positive number and
v(y)=1(y)-f(%).
The first integral may be easily calculated and since M< o
thefirst term tendsto zeroas X — X, . Applying lemma2.4
to second term on righthand side we can see that by definition
of set E; . The second term also tendsto zeroas X — X,

forany X, €] " —E, . The prof is completed.

Il EXAMPLES
In thissection, theoritical resultsis supported examples. The
following potential
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sin(xy) [5] I. Cinar, H. Duru, On Continuity Properties of Potentials
| = ” dxdy Depending on -distance, Applied Math. and Computation,139
L . (la+2z)(n-a) (2003) 531-534.
D il il n
|X— y|11 + |X— y|ﬂz E-MAIL ADDRESS. INANCINAR@M YNET.COM

was considered in domain
Dz{(x,y): 0<x<1 2< ys3}.

Thisintegral was evaluatedfor various 4, 4, and o values
in two dimensional space by Simpson Formula. The choices
N =20 and M = 20 are used in Simpson Formula. The

results indicates as following: for 4, =2, 4, =3 and

a =15 integral | ~0.21558873, A, =%, A, =% and
a =15 integra | ~ 0.42459130. Furthermore, at figure

1 and 2, oneisdrawn graphic of integrand for these values by
mathemati ca:

Figure 2.The graphic of integrand for 4, = % Ay =% and o =15
REFERENCES

[1] Y. Mizuta, On the Differentiability of Riesz Potentials of
functions, Hiroshima Math. J., 17,355-359 (1987).

[2] 1. Cinar, On Non-Isotropic Riesz Potential, Indian Journal of Pure
and Applied Mathematics, 28 (9), 1197-1205,(1997).

[3] I. Cinar, The Hardy-Littlewood Sobolev Inequality for Non-
Izotropic Riesz Potentials, Turkish Journal of Mathematics,
Volume 21, Number 2, 153-157,(1997).

[4] 1. Cinar, On Differentiability of Generalized Riesz Potentials,

Pure and Applied Mathematika Science, Vol. LIV, No. 1-2, 81-
89, (2001).

|SSN:2278-5299 73


mailto:INANCINAR@MYNET.COM

