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Abstract- Natural numbers of the form a? + b?have as prime divisors p=2or p=1(mod4) . Basedon this conclusion we can find the

general form of all divisors of numbers of theform a”+b?. Finding the prime divisors of numbers of the form a* +b*, we can find the
general form of all divisors of these numbers. Inductively, for any natural number n we can find first the form of all prime divisors

of numbersof theform a® +b® and finally, we can find the general form of all divisors of these numbers.
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. INTRODUCTION

Theideafor writingthis article isinspired by particular
forms of prime divisors of numbers of the forma®+b?,
where a and b are positive integers. So, if p is prime
number such that p|a®+b?*,a,bel”, then p=2 or
p=1mod4) .

In this article we will examine the generalised
problemwith the divisors of numbers of the form a2 +b* |

where n isnatural number.
We will first find the general form of divisors of numbers
of the form a?+b? and a*+b*and finally, the divisors of

numbers of the form a?+b?" , for any natural number n.

[1. DIVISORSOF NUMBERS OF THE FORM a* +b?

Firgt, let us consider the following theorem, the proof
method of which is obtained by the set of noteson number
theory that is written by Naoki Sato for students at the IMO
level[1].

We will emphasize particularly that this proof method will
be used to find the solution of generalized problems.

Theorem 1. If p is prime number such that p|a’®+b?,
where a and b are positive integers such that (a,b)=1,
then p=1(mod4) or p=2.

Proof.Since p is a prime number then p=2, p=1(mod4)
or p=3(mod4) . To prove the theorem it is sufficient to show
that p#3(mod4).
Suppose that p=3(mod4), namely p=4k+3, kel .
Since (a,b)=1and p|a®+b®, then (a, p)=(b, p)=1.
By Fermat’s Little Theorem we have:

a*t=b"" =1(mod p) .
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Since p|a®+b?, thena® = —b?(mod p) and have
ap—l — (a2)2k+1 = (_b2)2k+l = _bp—l = —].(mOd p) ,
which is contradictions. Consequently, p#3(mod4). s

To find all divisors of numbers of the form a® +b?, let us
prove now the following theorem:

Theorem 2. If positive integers a and b are both

oddnumbers, then 2||a® +b?® (the number a®+b* is
divisible by 2 but not by 4), for any natural number n.
Proof.We have a=2a +1, a €[l and
a’ =4(a’ +a)+1=1mod4).
In the same way b? =1(mod4) . Since
a? =a?=1(mod4) and b? =b? =1(mod4),
it follows that
a?+b? =2(mod4),

namely 2||a> +b® . m

If the numbers a and b are both even, then the number
a® +b? will be divisible by a power of the number 2, double
of the lowest exponent that is present in numbers a and b.

This demonstrates that theexponent of number 2 can take as
value every even number. Based on this conclusion and

Theorem 2 we can say that: if 2* |a®+b’, where a and b

are positive integers, then o may take as value any natural
number.
A prime number p, such that p=3(mod4), will be a

divisor of number a® +b?, only when the number p divides

each of the numbers a and b. This shows that when the
prime number p=3(mod4) is the divisor of the number
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a’+b?, then its square will be the divisor of number
a’+Db?.
Based on what we stated above it is true the following
theorem:

Theorem 3.If M is natural number such that M |a” +b?,
where a and b are positive integers, then

M =27 (pf* ... pe )G .. a2,
where p,,..., p, are prime numbers =1(mod4), q,...,q,
are prime numbers =3(mod4),k,sell ,a,a,,...,a, €l
and B,..., 5. €l .m

[11.DIVISORS OF NUMBER OF THE FORM a* +b*
First, let us take the following theorem:

Theorem 4. If p isaprime number suchthat p|a’+b*,
where a and b are positive integers such that (a,b)=1,
then p=1(mod8) or p=2.

Proof.  Sincep is a prime number then
p=1,3,5 7(mod8)or p=2. From Theorem 1, we have
p # 3, 7(mod8), so that to prove the theorem it is sufficient

to show that p # 5(mod8) .

Suppose that p=5(mod8), namey p=8k+5, kel .
Since (a,b)=1and p|a*+b*, then (a, p)=(b, p)=1.
By Fermat’s Little Theorem we have:

a =b"" =1(mod p) .
Since p|a*+b*, then a* =—b*(mod p) and have
aft= (a4)2k+l = (_b4)2k+1 = _pPl= ~1A(mod p),
which is contradictions. Consequently, p #5(mod8) . m

If numbers a and b are both even, then the number a* +b*
will be divisible by a power of the number 2, four times the
lowest exponent that is present in numbers a and b.This
demonstrates that the exponent of number 2 can take as
value every natural number that is multiple of number 4.
Based on this conclusion and Theorem 2 we can say that: if

2"|a*+b*, where a and b are positive integers, then
u=4a+t,where ¢ €l and t=0,1.

A prime number p suchthat p=3,5, 7(mod8) , will be a
divisor of number a’+b*, only when the number p divide

each of the numbers a and b. This show that when the
prime number p=3,5, 7(mod8) is divisor of the number

a* +b*, then its fourth power will be the divisor of number
a*+b’.
Based on what we said above it istrue the following theorem:
Theorem 5.If M is natural number such that M |a’* +b*,
where a and b are positive integers, then

M =2 (pf o pe) (e o)
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where p,,..., p, are prime numbers =1(mod8), d,,...,q,
are prime numbers
=3,5,7(mod8) ,t=0,1,k,sel ,a,a,..., 0, €l and

Bi....Bsel .m

IV.DIVISORS OF NUMBERS OF THE FORM a? +b?
First, let ustake the following theorem:

Theorem 6. If p isaprime number suchthat p|a®+b* ,
where a,b and n are positive integers such that (a,b) =1,
then p#2" +1(mod2™").

Proof. Suppose that p=2"+1(mod2™™). Then for some
kel we have p=2""k+2"+1. Since (a,b)=1and
pla®+b?, then (a, p)=(b, p)=1. By Fermat’s Little

Theorem we have:

a** =b"*! =1(mod p) .
Since p|a®+b? , then a* =—-b* (mod p) and have

ap—l _ az”*1k+2” _ a2"(2k+1) _ (aZ")2k+l = (_bz" )2k+l =

= —(b?)* =% = pP? = _I(mod p),
which is contradictions with a”™* =1(mod p) . Consequently,
wehave p# 2" +1(mod2™) . m
The following theorem makes it possible to find all prime
divisors of number of the form a2 +b?" .

Theorem 7. If p isaprime number suchthat p|a®+b* ,
where a and b are positive integers such that (a,b)=1,
then p=1(mod2™™) or p=2.

Proof.We will prove the theorem using the method of
complete mathematical inductionby natural number n .
For n=1 and n=2 the theorem is true based on Theorem
1 and Theorem 4. Assume that the theorem is true for any
natural number less than or equal to n—1 and let us prove for
natural number n.
Since p isprime number then p=2 or
p=1,3,5,...,2"" -3, 2" —1(mod 2™") .
Based on the assumption made, will be excluded the values
p=3,7,..., 2" —3(mod 2™) ,
because they are of the form =3(mod4), and also excluded
the values
p=5,13,..., 2" ~5(mod2""),
because they are of the form =5(mod8) , and so on continue
this process until we exclude values
p = 2n+l _1’ 2n+1 _ 2n —l(mOd 2n+1) ,
because they are of the form = 2" —1(mod 2™") .
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The only values that are not excluded are p =1(mod2™") and
p=2"+1(mod2™") . But, based on the Theorem 6 we have
p# 2" +1(mod2"") , sothat finally we have

p=1mod2")or p=2.m

If numbers a and b are both even, then the number

a® +b? will be divisible by a power of the number 2, 2"-
times the lowest exponent that is present in numbers a and

b .This demonstrates that the exponent of number 2 can take
as value every natural number that is a multiple of the

number 2". Based on this conclusion and Theorem 2 we can
say that: if 2'|a® +b?, where a and b are positive
integers, then u=2"a +t ,where a ¢l and t=0,1.
A prime number p, such that
p=3,5,...,2"" —1(mod2™") ,
will be adivisor of number a +b? , only when the number
pdivideseach of the numbers a and b. This shows that
when the prime number p=3,5,...,2"" —1(mod2"") isa
divisor of number a® +b? , then its2"-th power will be the

divisor of number a® +b? .
Based on whatwe said above it is true the following theorem:

Theorem 8.If M isanatural number such that M |a? +b?",
where a and b are positive integers, then

M = 27 (pf ) (e A a2,
where p,..., p, ae dl prime numbers =1(mod2"),
..., 0, are prime numbers =3,5,..., 2" ~1(mod2""),
a,a,...,o €l k,sell ,f,...,5,ell andt=0,1.m

It is obvious that Theorem 3 is a consequence of Theorem 5
and Theorem 5 is a consequence of Theorem 8.

V. CONCLUSIONS

In this paper we found the general form of all divisors of
numbers of the form a®+b?, where a and b are positive
integers, the general form of al divisors of numbers of the
form a*+b* and finaly the general form of all divisors of

numbers of the form a2 +b? , for any natural number n.
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