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Abstract- In real optimization problems is generally desirable to optimize more than one performance criterion (or objective) at the same
time. The goal of the multi-objective combinatorial optimization (MOCO) is to optimize simultaneously r > 1 objectives. We developed a
GRASP algorithm that incorporates a memory-based approach for solving the multiobjective multidimensional knapsack problem. There
are, in the scientific literature, some memory-based GRASP algorithms for mono-objective problems, however it was not found any
memory-based GRASP algorithm for multiobjective problems. Computational experiments on benchmark instances show that the

proposed algorithm is very robust and outperforms other heuristics in terms of solution quality and running times.
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. INTRODUCTION

Many practical optimization problems, generaly, involve
simultaneous minimization (or maximization) of severd
conflicting decision criteria. The goa of multiobjective
combinatorial optimization (MOCO) is to optimize
simultaneously r > 1 criteria or objectives. MOCO problems
have a set of optimal solutions (instead of a single optimum)
in the sense that no other solutions are superior to them when
all objectives are taken into account. They are known as
Pareto optimal or efficient solutions.

Solving MOCO problems is quite different from single-
objective case (r = 1), where an optimal solution is searched.
The difficulty is not only due to the combinatorial complexity
as in single-objective case, but aso due to finding al
elements of the efficient set, whose cardinality grows with
the number of objectives.

In the literature, some authors have proposed exact
methods for solving specific MOCO problems [10] [30] [35].
These methods are generally valid for bi-objective (r = 2)
problems but cannot be adapted easily to a higher number of
objectives. Also, exact methods are inefficient to solve large-
scale NP-hard MOCO problems. As in the single-objective
case, the use of heuristic/metaheuristic techniques seems to
be the most promising approach to MOCO problems because
of their efficiency, generdity and relative smplicity of
implementation.  These techniques generate  good
approximated solutions in a short computational time.
Severa articles have proposed heuristic procedures to solve
MOCO problems[5] [7] [9] [10] [22] [24] [32].

The literature on the multiobjective knapsack problem is
rather scarce. Some of the works found are as follow: the
methods proposed by Ulungu and Teghem [30] and Viste et
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a. [35] are based on exact agorithms, Jaskiewicz [21],
Zitzler and Thiele [36] and Alves e Almeida[1] use genetic
algorithms; the methods of Gandibleux and Frévile [16] and
Hansen [18] are based on tabu search; and the methods
proposed by Czyzak and Jaskiewicz [8] and Ulungu, Teghem
and Ost [31] are based on simulated annealing. Vianna and
Dianin [34] have proposed algorithms based on GRASP and
ILS metaheuristics.

In [33], Vianna and Arroyo proposed a GRASP algorithm,
caled GRASP-MULTI, for solving the multi-objective
knapsack Problem. It outperformed two well known genetic
algorithms from literature: MOGL S (Multi-objective Genetic
Loca Search) suggested by Jaskiewicz [21] and SPEA2 [37],
which is an improved version of the genetic algorithm SPEA
(Strength  Pareto Evolutionary Algorithm) proposed by
Zitzler and Thiele [36]. After that, Alves and Almeida [1]
proposed a genetic algorithm, called MOTGA (Multiple
objective Tchebycheff based Genetic Algorithm), that also
outperforms the MOGL S, SPEA and SPEAZ2. It is based on
the Tchebycheff scalarizing function, which performs several
stages, each one intended for searching potentially
nondominated solutions in a different part of the Pareto
frontier.

This paper presents a new agorithm for the multi-
objective knapsack problem, called MM GRASP (Memory-
based Multiobjective GRASP), which is an adaptation of a
previous agorithm, GRASP-MULTI, described in [33].
Each iteration of GRASP-MULTI algorithm solves a mono-
objective problem, where the goal is to maximize a linear
combination of the objective functions of the original multi-
objective problem. The linear combination is obtained by
assigning weights to each objective function, which
represents a search direction for the multi-objective problem.
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In the GRASP-MULTI agorithm, as in any traditiona
GRASP agorithm, each iteration is independent, i.e., when
one iteration finishes, the information found during this
iteration is not used in the next iterations. In the
MM GRASP, the iteration k+1 uses the best solution found
during the iteration k as a starting point.

There are, in the scientific literature, some memory-based
GRASP agorithms for mono-objective problems [2] [6] [11]
[14] [15], however it was not found any memory-based
GRASP algorithm for multiobjective problems. So, we
believe that it is an innovation of thiswork.

The organization of the paper is as follows. In the next
section, we present the formulation of a MOCO problem and
a formal definition of the multiobjective knapsack problem.
In section IIl, we discuss with more details the proposed
memory-based multiobjective GRASP algorithm. We present
computational results in Section 1V, where we use, among
others, the time-to-target experiment proposed in [13] and
commonly used in mono-objective problems [3] [28] [29];
but its use in multiobjective problems is another innovation
of this work. Finally, Section V contains our concluding
remarks.

[I. MULTIOBJECTIVE OPTIMIZATION

A. Problem statement and basic definitions

Given a vector function of r components f = (fy, ..., f;)
defined on a finite set Q, consider the multi-objective
combinatorial optimization problem: Maximize f(x) = (fi(X) =
z, ..., f:(X) =z), subject to x € Q.

A. solution x dominates x if f(x) dominates f(x’), that is, if
fi(x) = fi(x"), for all objective j, and fj(x) > fi(x") for &t |least one
objectivej. A solution X' € Q is Pareto optimal (or efficient)
if thereisno x e Q such that x dominates X . A solution X e
Sc Q isnondominated in Sif there isno X € Ssuch that x
dominates x .

B. Multiobjective knapsack problem (MOKP)

In the literature are studied different versions of the 0/1
multi-objective knapsack problem [16] [36]. In this paper we
use the same formulation considered by Zitzler and Thiele
[36], Jaskiewicz [21] and Alves and Almeida [1] in their
experiments, which consider the multi-objective problem by
adlowing r knapsacks with different  capacities
(multidimensional  knapsack). This problem can be
formulated as follows:

Maximize fj (x)= Zciixi’ i=1,..r
i1
Subjectto D WX <W,, j=1,..,r
i1
X € {0,1}, i=1,...n

where ¢; and w; are, respectively, the profit and weight of
item i according to knapsack j, W, is the capacity of knapsack
jand X = (X, ..., X,) isavector of binary variables such that x;
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= 1 if the item i belongs to the knapsacks and x = O,
otherwise.

The objectives are conflicting because the benefit of
putting an item i into a knapsack j (c;) can be high, while
placing the sameitem i in another knapsack | (c;) may not be
attractive (low benefit).

1. MEMORY-BASED MULTIOBJECTIVE GRASP
ALGORITHM - MMGRASP

GRASP — Greedy Randomized Adaptive Search Procedure
[12] [27] - is a multi-start metaheuristic, in which each
iteration consists of two phases: construction and local
search. The construction phase builds a feasible solution
using a greedy randomized a gorithm, while the local search
phase calculates alocal optimum in the neighbourhood of the
feasible solution. Both phases are repeated a pre-specified
number of iterations and the best overall solution is kept as
the result.

In Subsections I11.A and I11.B are presented, respectively,
the constructive and local search phases of the MM GRASP
algorithm, which are also used in the MULTI-GRASP
algorithm [33]. Details about the memory-based approach is
givenin Subsection 111.C.

A. Greedy randomized construction

To generate an initia set of dominating solutions, a greedy
heuristic is used to maximize a linear combination of the
objective functions:

umzi@nu)

where Z/Ij =1
=1

0<2, <1

The preference vector A = (A4, ..., 4), generaly,
determinates a search direction on the Pareto optimal frontier.
Figure 1 presents the implemented constructive algorithm,
BuildSolution, which is a greedy randomized algorithm that
builds a solution by inserting items with the higher value for
the following ratio:

@

This ratio measures the benefit of including an item e in the
knapsacks. As bigger the ratio, better is the benefit of the
item. The BuildSolution algorithm receives as input
parameters the solution x to be built, the percentage « used in
the selection of the next element to be inserted in x, the
search direction A and the |Pareto list, where the dominants
solutions are stored. As output, the algorithm returns the built
solution x. In line 1, the candidates list CL is defined. In this
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list areinserted all the items out of the knapsacks. The CL list
is sorted in decreasing order according to the ratio 1. As
showed in line 3, the restricted candidates list RCL is
composed of the a x |CL| first items of CL list. The loop in
lines 4-8 is responsible by the randomization of the
agorithm. An item e is randomly selected from RCL and
inserted in x. This process is repeated while the insertion of e
does not violate the capacity of the knapsacks. The loop in
lines 9-14 looks for additional insertions from CL. This stage
is greedy, respecting the sorting of CL list, and try to
improve, if possible, the solution found in the previous stage
(loop in lines 4-8). Experiments have shown that only very
few items are inserted during this stage. Thus, an
improvement in the current solution can be achieved without
compromising the greedy-randomized feature of the
agorithm. In line 15 is verified if the solution x is a dominant
solution and, finally, the solution x is returned in line 16.

executed while exist elements that can be removed, that is,
elements still unmarked. In line 4, the solution X is attributed
to the auxiliary solution y. In line 5 are removed from y the
elements that present the shortest values of the Ratio 1. This
process is repeated while there exists an element that is out of
the knapsack that can not be inserted without violates any
restriction of the problem. The items are removed from the
knapsacks until the free space obtained in this way allows the
insertion of any item that remains out of the knapsacks. This
step is completely greedy. In line 6 the procedure
BuildSolution is executed completing the construction of the
solution y.

Procedure BuildSolution ( X, &, 4, |Pareto)
I nput
X — solution to be built;
o — percentage used on the definition of the restricted
candidates list (RCL);
A — vector of preferences (search direction);
IPareto — list of dominant solutions that will be updated
with x.
Output
X — built solution.
Begin
01. Insert each item e (X, = 0) -in the candidates list CL sorted
(decreasing) by Ratio 1.
02. Let RCL be alist with the o9 first items of CL;
03. Select randomly an item e from RCL;
04. While x U X, does not violate W, for j=1, ..., r do
05. X<« XU X [linsert ein the knapsacks
06. Removetheitem e of CL;
07. Select randomly anitem e from RCL;
08. End_while
09. For i« 1to|CL|do
10. e« thei™item of CL;
11. If XU X, does not violate W, for j=1, ...,r then
12. X< XU Xe [linsert ein the knapsacks
13. End_if
14. End_for
15. Verify the insertion of x in |Pareto;
16. Return x;
End-BuildSolution

Procedure LocalSearch (%, 3, 4, |Pareto)
Input
X — solution to be refined;
S — percentage used at the reconstruction of solution x;
A — vector of preferences (search direction);
IPareto — list of dominant solutions that will be updated
with the found solutions.
Output
x — refined solution.
Begin
01. For i« 1tondo
02. Marked[i] « falsg;
03. While there exists an item e such that Marked[e] = falsg]
do
04 y&«x
05. Remove the unmarked item j (y; = 1) that presents the|
shortest value of the Ratio 1. Repeat this process until any
item g (yy = 0) may be chosen for insertion;
06. y <« BuildSolution (y, 5, 1, |Pareto);
07. If f(y) > f(x) then
08. X<V,
09. For i<« 1tondo
10. Marked[i] « false;
11. Else
12. Let e be the unmarked item of x that presents the]
smallest value of the Ratio 1;
13. Marked[€] « true;
14. End_if
15. End_while
16. Return x;
End-L ocal Sear ch

Fig. 1. Construction algorithm.
B. Local search

Figure 2 presents the L ocal Sear ch agorithm that removes
the worst items from the knapsacks according to the Ratio 1
and uses the BuildSolution agorithm to produce a new
solution. This algorithm receives as input parameters the
solution x to be refined, the percentage S that is used at the
solution reconstruction stage, the search direction A and the
|Pareto list, where the nondominated solutions are stored.

The loop in lines 1-2 initidizes al the positions of the
vector Marked with false. An item e can be removed from the
knapsack only if Marked[e] = false. Theloop in lines 3-15 is
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Fig. 2. Local search agorithm.

If the new solution, y, is better than x, then the solution x is
updated at line 8 and the vector Marked is reinitialized in
lines 9-10. Otherwise, in line 13, is marked the first element
that is removed from y during the stage described in line 5. In
line 16, the refined solution, X, isreturned.

The number of iterations of the local search agorithm
depends on the quality of the solution x received as a
parameter.

C. Memory-based approach

One strategy used on a Multiobjective GRASP is to
explore, at each iteration, a different search direction. The
search direction i is characterized by the weights associated
to each objective, that is, by the preference vector A; = (44, ...,
Ar).
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In the proposed strategy, we use the vector A = (Ay, Ay, ...,
Ap) to store the m search directions to be evaluated. In the
GRASP-MULTI agorithm [33], al the m search directions
are analysed by both GRASP phases, construction and loca
search. In the MM GRASP algorithm, only a percentage of
these search directions are analysed by both GRASP phases.
These directions, called base search directions, are chosen
uniformly on the vector A. The search direction A, is adways
a base search direction. To determine the next base search
direction, we add the value of the expression . m/bJ, where b
represents the number of base search directions desired. This
process is repeated until the b base search directions be
defined. In Figure 3, we have m = 9 search directionsand b =
3 base search directions ((mb) = 3) — A;, A, and A7 —
represented by the solid lines, in which a solution x is built by
BuildSolution algorithm and refined by LocalSearch
agorithm. The others directions are eval uated as fol low:

e Let A; be a base search direction (in Figures 3 and 4,
search directions: A;, A, and A;) and X the solution
obtained by the algorithm after evaluating this direction.
The memory-based approach uses, during the evaluation
of direction A4, the solution X instead of the GRASP
congtruction phase. For example, for evaluating the
search direction As in Figure 4 it is used the solution x*,
obtained during the evaluation of A4, as initia solution;
so, this solution is refined using the LocalSearch
algorithm. Being the vector A well organized, that is,
each search direction differing just a little from the
previous one (at the end of this subsection we describe
with details how to organize A), the solution X, when
evaluated with the weights of direction Aj.,, looses just a
little of its qudity, congtituting in this way a good initial
solution — in the experiments done, a solution generally
better than the one found by the GRASP constructive
algorithm (traditional construction) — for the local search
phase. In Figure 5, the 150 first iterations of a GRASP
algorithm with 1000 and 5000 search directions are
presented. In both executions, the instance “kn500 3,
which will be presented in Section V, is used. Note that
when the memory-based approach is used, better initial
solutions are produced.

e Inthe evauation of the direction A;.,, the solution X*is
used as the initial solution for the local search phase.
This processis repeated for all the search directionsin A,
which was not analysed yet (see Figure 4).

In the following subsections, we describe two strategies
for organizing the vector A. The first one was proposed by
Murata, Ishibuchi and Gen [25] and was used in the GRASP-
MULTI algorithm [33]. The last one represents a
modification, proposed in this paper, of the Murata, Ishibuchi
and Gen strategy.

1. Vector A organization strategy proposed by Murata,
I shibuchi and Gen [25]

The strategy proposed by Murata, Ishibuchi and Gen [25],
which is used by Vianna and Arroyo [33] in the GRASP-
MULT]I algorithm, generates each component of the vector
A obtaining r non-negatives integers with sum equal to s,
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vi+Ww+ ... +Vv, =5 wherev, € {0, ..., s}

which s is a value large enough to produce m search
directions. The number of generated search directions for r
objectives and avalue s, N;(s), is calculated as follows:

A Ay Ay

i s Ay A=
o Ay =(1/8.7/8)
Az = (1/4,3/4)
As=(3/3,5/8)
As=(1/2.1/2)
As=(5/8.3/8)
Ar= (3/4.1/4)
Ag = (7/8.1/8)
LT e Ae | As=(10)
-

Fig. 3. Base search directions (solid lines).

Ar=(0,1)

Ay =(1/8.7/8)
As = (174,314
As=(3/8.5/8)
A5 =(1/2,1/2)
A6=(5/8.3/8)
Ar= (314,14
Ag =(7/8,1/8)
As=(1.0)

Fig. 4. Memory-based approach.

N,=s+1.

N, = Z N, (i) = i(i +1) = (s+1)(s+2)/2
N, = Z N, (i) = i(i +)(i+2)/2.

For instance, for r = 2 objectives and s = 5 we have 6
vectors (v, V»): (0,5), (1,4), (2,3), (3,2), (4,1) and (5,0). For r
=3and s= 3 we have 10 vectors (vi, Vo, Va): (0,0,3), (0,1,2),
(0,2,1), (0,3,0), (1,0,2), (1,1,1), (1,2,0), (2,0,2), (2,1,0) and
(3,0,0).

With the goal of obtaining normaized directions

r
(> A, =1), wecaculate 4; = /s, v; € {0, 1,2, ..., s}.
j=1
The Murata, Ishibuchi and Gen agorithm used to
generate the vector A for a problem with r=3 objectives is
described in Figure 6. This algorithm receives as input
parameter the integer value s. As output, the algorithm
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returns the vector A of search directions. This algorithm
calculates al the vectors v = (v4, V,, V3) such that the sum of
its components is equal to s. After the normalization of this
vector, we have the search directions.

1000 search directions
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Fig. 5. Initial solutions found.
Procedure Murata_Organization ( s)
I nput
s— integer value used to generate the search directions.
Output
A — vector of search directions.
Begin
01.i« 1;

02. For each valueof v; (0<v; <s) do
03. For eachvalueof v, (0<v,<s) do
04. For each value of v3 (0 < v < s) do

05. If vi + V, + v3 = sthen
06. Ai[1] « wifs;

07. Ai[2] « Vofs;

08. A[3] « vafs;

09. i<—i+1

10. End-if

11. End-for

12. End-for

13. End-for

14. Return A;

End-Murata Organization

Fig. 6. Murata_Organization algorithm.
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2. Proposed Vector A organization — UNIFORM-DIST.

In the Murata _Organization algorithm described in
Figure 6, the value of vy, v, and v; is commonly analyzed in
an increasing order. This strategy causes a problem when
used with the new memory-based approach proposed. When
the value of v, is incremented, v, and v; receive the value 0,
which causes two consecutive search directions not near one
to another. For example, if r=3 objectives and s=5, we have
21 vectors v = (g, Vo, V3) in the following sequence: (0,0,5),
(0,1,4), (0,23), (032 (04,1), (050, (1,04), (1,13,
(1,22), (1,31, (1,4,0), (203, (212, (221), (2,30),
(30,2, (3,1,1), (3.2,0), (4,0,1), (41,0) and (5,0,0). The first
six vectors have v;=0 and each one are near to the previous
vector (each component varies at most one unity). The 7"
vector is the first with v;=1 and are not near to the previous
one (the first component varies one unity; the second one
varies five unities; and the third one varies four unities). The
same happens with the 12", 16" and 19" vectors.

The new organization strategy, called UNIFORM-DIST,
analyzes the for statement of line 3 (Figure 6) in an
increasing order when the value of v; is even, and in a
decreasing order when the value of v; is odd. The same
happens with the for statement of line 4 (Figure 6) according
to the value of v,. With this strategy we maintain al the
vectors near to the previous one (each component varies at
most one unity). For instance, for the example of the previous
paragraph we have the same 21 vectors v = (vi, Vo, Va)
organized as following: (0,0,5), (0,1,4), (0,2,3), (0,3,2)
(04,1, (050), (1,40, (1,31, (1,22, (11,3, (1,04,
(20,3), (21,2, (22,1), (23,0, (3.20), (311, (30,22,
(4,0,2), (4,1,0) and (5,0,0).

D. MMGRASP algorithm

Figure 7 presents the MM GRASP agorithm, which isthe
GRASP-MULTI dgorithm incorporated with the new
memory-based approach proposed in this paper. This
algorithm receives as input parameters the number of
iterations (N_iter), the percentage o used at the construction
phase, the percentage S used at the local search phase and the
number b of base search directions. Parameters « and g were
empirically set at 10% and 50%, respectively. Parameter b
was empirically set as 30% of N_iter. As output, the
algorithm returns the IPareto list, where the nondominated
solutions are stored. In line 1, the IPareto list isinitialized. In
line 2, the vector A with the m = N_iter search directions is
organized by UNIFORM-DIST strategy (Subsection
I11.C.2). The b base search directions are defined in line 3.
The loop in lines 4-14 executes N_iter GRASP iterations. In
line 5, the solution x is initialized. The search direction 4; is
defined in line 6. If A; is abase search direction (A, is aways
a base search direction), the solution x is built by the
BuildSolution procedure in line 8. Otherwise, the solution y
obtained at the previous GRASP iteration is used as initia
solution. The solution X is refined in line 13. Finaly, the
IPareto list is returned.

190



International Journal of Latest Research in Science and Technology.

IV. COMPUTATIONAL EXPERIMENTS

We compare the results of MMGRASP with the
following agorithms: GRASP_MULTI [33] and MOTGA
[1]. Both algorithms have outperformed three well known
agorithms: SPEA [36], SPEA2 [37] and MOGL S[21].

multiobjective optimization, however, there is no natural
single measure that is able to capture the quality of a
nondominated set H to the Pareto optimal set or reference set
R.

Table 1. Test instances.

Procedure MM GRASP (N_iter, «, 8, b)

I nput
N_iter — number of GRASP iterations;
o — percentage used at the construction stage;
S — percentage used at the locd search stage;
b — number of base search directions.

Output

IPareto — list of nondominated solutions.
Begin
O1. IPareto < &;

02. Organize the vector A of search directions by
UNIFORM-DIST strategy;

03. Define the b base search directions;

04. For i < 1to N _iter do

05. X<« O;

06. Let A; bethe search direction in the positioni of A;

07. If A;isabase searchdirection then

08. X < BuildSolution ( X, a, A;, |Pareto);

09. Else

10. x<«y; /lyisthe solution obtained in theiterationi-1;
11 Evaluate x with the weights associated to the new
search direction A;;

12. End_if

13. y« LocalSearch ( x, g, A;, |Pareto);

14. End_for

15. Return |Pareto;

Instance Objectives Items
kn250 2 2 250
kn250_3 3 250
kn250 4 4 250
kn500_2 2 500
kn500_3 3 500
kn500_4 4 500
kn750_2 2 750
kn750_3 3 750
kn750_4 4 750

End-MMGRASP

Fig. 7. MM GRASP agorithm.

All computational experiments with the MM GRASP and
GRASP-MULTI algorithms were performed on a 3.2GHz
Pentium IV processor with 1 Gbyte of RAM memory. The
MM GRASP agorithm was implemented in C using version
6.0 of the Microsoft Visual C++ compiler.

A. Test instances

In this work, we use the set of instances proposed by
Zitzler and Thiele [36]. They generated instances with 250,
500 and 750 items, and 2, 3, and 4 objectives. Uncorrelated
profits and weights were randomly generated in the interval
[10, 100]. The knapsack capacities were set to half of the
total weight regarding the corresponding knapsack: W =

n
0.52 W . The problem instances are presented in Table 1
i=1
and are available at:
http: //imww.tik.ee.ethz.ch/$\sim$ztz er/testdata. html.

B. Evaluation of computational resultsin multiobjective
optimization

The quaity of a solution of a single-objective
minimization problem is evaluated in a straightforward
manner as the relative difference between the objective value
of such solution and the value of an optima solution. In

ISSN:2278-5299

We measure the quality of the nondominated set H
generated by the heuristic method relative to the reference set
R by using two measures:

e Cardinal measure: number of reference solutions, NRS,
found by the heuristic method, where NRS= |H N R|.

e Distance measure (proposed by [8] and [31]): distance
between the nondominated set H generated by the
heuristic method and the reference set R. We measure the
average distance, Dag, and maximum distance, Dy,
with

1 .
= —> min,_,d(Z,2) ad
|ZER
0 Dmax= Max

o Dayg

zeR{ minz'eH d(zli Z)}

i
z € Rand 4 is the range of the objective f; among all
reference and heuristic solutions.
Note that D,y is the average distance from apoint z € R
toits closest point in H, while D, yields the maximum
distance from apoint z € Rto any point in H.

When the Pareto optimal set is not known and H’ is the
set of nondominated points generated by another heuristic
method, we define the reference set R as the nondominated
points of (H v H’) and use the same measures mentioned
above to assess the approximation of H and H’ relativeto R.

C. Test instances

The experiments done were conducted using the test
instances described in Table 1, which were proposed by
Zitzler et al. [36] and has been also used by GRASP-MULTI
[33] and MOTGA [1] algorithms.

In the first experiment, the MMGRASP algorithm,
proposed at this paper, was run five times to each test
instances. Each run finished when the average running time
spent by MOTGA algorithm was achieved. The goal of this
experiment is to evaluate MMGRASP and MOTGA
algorithms running the same time in a similar machine.
Table 2 shows the average running times of MOTGA.
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Table 2. Average running times of MOTGA agorithm on a
Pentium 1V 3.2 GHz.

Instance Time(s)
kn250_2 15
kn250_3 7.2
kn250_4 19.5
kn500_2 2.7
kn500_3 12.8
kn500_4 33.4
kn750_2 4.2
kn750_3 18.2
kn750_4 51.9

Table 3 presents comparative results for the first
experiment. In the second column is presented the number |R)
of reference solutions. In the following columns are
presented, for each algorithm (MOTGA and MM GRASP)
and for each instance, the total number of obtained solutions
(TNS), the number of reference solutions (NRS), the average
distance (Dayg) and the maximum distance (Diay).\

The results show that when the number of reference
solutions (NRS) is compared, the proposed algorithm,
MMGRASP, generates a larger number of reference
solutions on 8 instances from atotal of 9 instances. So, by the
cardindl  measure, MMGRASP performs better than
MOTGA. When the average distance, D,4 and the
maximum distance, Dy.x, ae compared, MMGRASP also
performs better than MOTGA.

In the second experiment, the M M GRA SP agorithm was
compared with the GRASP-MULTI agorithm. The goal of
this experiment is to show the efficiency of the memory-
based approach proposed in this paper. 100 GRASP iterations
are executed by both agorithms. The algorithms are
compared using the cardina and distance measures presented
at Subsection IV.B.

Table 4 presents comparative results for the second
experiment. In the second column is presented the number |R|
of reference solutions. In the following columns are
presented, for each agorithm — GRASP-MULTI (in the
table called just as GRASP) and MM GRASP —, and for each
instance, the total number of obtained solutions (TNS), the
number of reference solutions (NRS), the average distance
(Dayg), the maximum distance (Dm.) and the consumed
execution time in seconds

The results show that when the number of reference
solutions (NRS) is compared, the proposed algorithm,
MMGRASP, generates a larger number of reference
solutions for all the test instances. So, by the cardinal
measure, MMGRASP performs better than GRASP-
MULTI. When the average distance, D,,g, and the maximum
distance, Dy, are compared, MMGRASP aso performs
better than GRASP-MULTI. We adso can see that
MM GRASP isfaster than GRASP-MULTI

In another experiment comparing MMGRASP and
GRASP-MULTI, we use the time-to-target method [3] [13].
Time-to-target plots (tttplots) display on the ordinate axis the
probability that an algorithm will find a solution at least as
good as a given target value within a given running time,
shown on the abscissa axis. They were used by Feo et al. [13]
and have been advocated by Hoos and Stiitzle [19] [20] as a
way to characterize the running times of stochastic
agorithms for combinatorial optimization. Aiex et a. [3]
preconized and largely explored the use of tttplots to evaluate
and compare different randomized agorithms running on the
same instance. Their use has been growing ever since and
they have been extensively applied in computational studies
of sequential and paralel randomized agorithms [27] [28]
[29]. The foundations of the construction of time-to-target
plots, together with their interpretation and applications, were
surveyed by Aiex et a. [4].

Tahle 3: Comparison of MOTGA and MMGRASP algorithms running the same time in a similar machine.
Instance | E| TNS NRS Daug D
MOTGA | MMGRASP | MOTGA | MMGRASF | MOTGA | MMGRASF | MOTGA | MMGRASP
kn250_2 174.0 100.2 195.4 62.0 112.6 0.0030 | 0.0011 | 0.0230 | 0.0085
kn 5002 305.6 200.4 368.6 138.2 175.2 0.0018 | 0.0011 | 0.0149 | 0.0070
kn 7H0_2 417.6 246.2 G11.8 215.8 202.0 0.0012 | 0.0014 | 0.0134 | 0.0064
ln250_3 1699.2 | 535.0 | 1753.0 | 504.2 | 1495.0 [ 0.0140 | 0.0023 | 0.0687 | 0.0588
kn500_3 3060.6 | 1024.0 | 3594.4 | 9876 | 2073.0 | 0.0131 | 0.0027 [ 0.0720 | 0.0588
kn750_3 GG58.8 | 14488 | 49248 | 1387.0 | 4271.8 [ 0.0129 | 0.0032 | 0.6586 | 0.0701
kn250 4 52044 | 10794 | 4516.6 | 1060.0 | 4234.4 [ 0.0267 | 0.0047 | 0.1112 | 0.0891
knb00_4 | 100042 | 2006.2 | 8289.2 | 20738 | 8020.4 | 0.027% [ 0.0051 [ 0.1106 | 0.0946
kn750_4 | 143044 | 3056.% | 11642.4 | 30108 | 11293.6¢ | 0.0275 | 0.0064 | 0.1145 | 0.1104
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Table 4: Comparison of GRASP-HULTI and MMGRASP algorithms.

Instance [H] TNS NERS Davg Dhar Time (=)
GRASP | MMGRASP | GRASP | MMGRASP | GRASP | MMGRASP | GRASP | MMGRASP | GRASP | MMGRASP
nZ50°2 1652 1432 149.4 6R.0 97.2 | 0.00Z1| 0.0014 | 0.0126 | 0.0095 0.5 0.5
kn5002 2808 236.8 2565.2 | 1322 149.0 | 00016 | 0.0012 | 0.0120 | 0.0093 3.1 2.9
kn750_2 453.0 3734 393.4 195.0 258.2 | 0.0017 | 0.0009 | 00125 | 0.0075 9.0 8.3
kn2503 | 20924 | 11774 | 1290.2 | 2538 | 1239.0 | 0.0065 | 0.0038 | 0.0619 | 0.0410 0.7 0.7
kn5003 | 41286 | 22708 | 2328.8 | 1886.4 | 2243.2 | 0.0062 | 0.0059 | 0.0698 | 0.0521 1.2 3.7
kn7503 | 5lis.6 | 2936.2 | 27474 | 2526.6 | 2652.0 | 00062 | 0.0069 | 00661 | 0.0509 | 105 9.8
kn250.4 | 46012 | 24622 | 2509.6 | 2139.6 [ 2461.8 | 0.0108 | 0.0100 | 0.1064 | 0.0834 1.5 1.2
knf00_4 | 79828 | 33822 | 4512.4 | 3815.2 | 4171.2 | 00144 | 0.0111 | 01155 | 0.1182 51 4.5
kn750_4 | 10816.4 | 49122 | 6287.0 | 4856.4 | 5964.0 | 0.0167 | 0.0096 | 0.1212 | 0.1023 | 126 11.3
Instance: kn750_4
Since “kn750 4” is the greatest and most difficult o ; ] _/
instance, the results observed for the others instances are 090 |RASE LT v T
summarized by the results obtained for this instance. The 060 . -
time-to-target experiment was conducted using two different 070 <
stopping rules. In both, we performed 200 independent runs P
of each algorithm (MMGRASP and GRASP-MULTI).In 2 % ;
the first rule, each run finishes when a number of reference § os0 7
solutions greater than or egua to the number of reference S 040
solutions obtained by MOTGA agorithm is found. In the oan /
second rule, each run finishes when an average distance from ; /
the reference set is less than or equal to the average distance 020 ; i
obtained by MOTGA algorithm isfound. 010 /
The empirical probability distributions of the time-to- 000 - m : " o = 0 -

target random variables of the first and second experiment are
plotted, respectively, in Figures 8 and 9 for each algorithm.
Such plots show that MM GRASP algorithm systematically

finds better solutions than GRASP-MULTI in smaller
computation times.
Instance: kn750_4
1.00 T - e
090 g pOrTT S —
MMGRASP ---ero- o
0.80 o
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Fig. 8. tttplot experiment with stop criterion: number of
reference solutions.
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time-to-target-value (s)

Fig. 9. tttplot experiment with stop criterion: average distance
from the reference set.

V. CONCLUSION

In this paper, we propose a memory-based GRASP
algorithm to generate a good approximation of the set of
efficient or Pareto optimal solutions of a multiobjective
combinatorial optimization problem. It is applied to solve the
knapsack problem with r objectives and it is compared with
GRASP-MULTI algorithm, proposed by Vianna and Arroyo
[33], and with MOTGA, proposed by Alves and Almeida
[1]. Both algorithms have outperformed three well known
algorithms: SPEA [36], SPEA2 [37] and MOGL S[21]..

In the experiments done, when the number of reference
solution (NRS is compared, the proposed algorithm,
MMGRASP, generates a larger number of reference
solutions on 8 instances from a total of 9 instances,
comparing with MOTGA, and for al the nine instances,
comparing with GRASP-MULTI. When the average
distance (Dayg) is compared, MM GRASP obtained a smaller
average distance than MOTGA on 8 instances from a total of
9 instances and a smaller average distance than GRASP-
MULT!I for al the nine instances.
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In experiments done comparing GRASP-MULTI and
MM GRASP agorithms, it was verified that the M M GRASP
isfaster than GRASP-MULTI.

Based on the obtained results, it is concluded that the
proposed algorithm, MM GRASP, is robust, outperforming
two efficient algorithms: MOTGA and GRASP-MULTI.
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