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Abstract- We establish equations for scalar and fermion fields using results obtained from a study on a phase space representation of
quantum theory that we have performed in a previous work. Our approaches are similar to the historical ones to obtain Klein-Gordon and
Dirac equations but the main difference is that ours are based on the use of properties of operators called dispersion-codispersion
operators. We begin with a brief recall about the dispersion-codispersion operators. Then, introducing a mass operator with its canonical
conjugate coordinate and applying rules of quantization, based on the use of dispersion - codispersion operators , we deduce a second
order differential operator relation from the relativistic expression relying energy, momentum and mass. Using Dirac matrices, we derive
from this second order differential operator relation a first order one. The application of the second order differential operator relation on
a scalar function gives the equation for the scalar field and the use of the first order differential operator relation leads to the equation for

fermion field.
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. INTRODUCTION

Using results obtained in our previous work [1] concerning
a study on a phase space representation of quantum theory,
our aim in this paper is to obtain equations for scalar and
fermion fields. Our approaches have some similarities with
the historical ones used for the obtention of the Klein-Gordon
and Dirac equations [2],[3],[4].[5] but there are some
differences. In fact, our approaches are based on the use of
the properties of operators called dispersion-codispersion
operators defined in [1].

In the reference [1], statistic-probability theory and linear
algebra are both used. Wereserve the word “covariance” for
its meaning in linear algebra [8] (variance and covariance of
a tensor) and the words “dispersion-codispersion” for the
statistical variance-covariance. It is to be noted also that
operators are denoted with bold letters. The natural unit
system for quantum field theory (A = 1,c = 1) isused.

It is well known that the standard equations in field theory
for scalar and fermion fields are respectively Klein-Gordon
and Dirac equations. These field equations are obtained by
combining quantum theory and specia relativity [3], [4], [5],
[6], [7]. Let us consider the relativistic relation between
energy, momentum and mass
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By using the quantization rules which consists to replace the
components of the energy-momentum quadricovector by the
corresponding operators

0

W e obtain a second order differential operator relation

R

9 dxH dxVv m-=

R 0% 0% 0?2
C@x02 " @x?  @xn?  @x0

m? =0 (13)

On one hand, the application of this operator relation on a
scalar function ¢ gives the Klein-Gordon equation

a 0
" ==

i T =0 (1.4)

On the other hand, by using Dirac matrices y* which verify
the anticommutation properties

iy +yiyk = 29", (1.5)
, inwhich I, isthe 4 x 4 identity matrix, we can deduce

fromtherelation (1.3) afirst order differential operator
relation
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<y”%—m> =0 (1.6)

In fact, we have the factorization relation
Jd 0 N
dxH oxV m
=~ (gt m) (o gm-m) a7
Lya#mlyaxvm 1.7

The application of the operator relation (1.6) on a spinor
function 1 leads to the Dirac equation

g

4]
(l]/“ﬂ—m)lp =0 (1.8)
In the beginning, the Klein-Gordon and Dirac equations were
expected to be just the relativistic eguivaent of the
Schrodinger equation. But it was later seen that the functions
which appear in these equations are not to be interpreted as
wave functions but as fields and the equations themselves
have their right place and interpretations only in the
framework of field theory [3], [4], [9], [6], [7].

As said, we establish in this work other eguations for scalar
and fermion fields which may be considered as similar to the
Klein-Gordon and Dirac equations. These equations are given
inthe relations (3.13) and (4.20).

II. RECALL ABOUT DISPERSION-CODISPERSION
OPERATORS

In our work [1], we have introduced operators called
dispersion operators. For the one dimensiona case, the
expression of a momentum dispersion operator is

@R =X
2| @ T ](A )
1 (Ap)?
=5 [(p - P)? + B0 (x— X)Z] (2.1)

the operator ¥ admits as eigenstates the states denoted
In, X, P,Ap) which are states whose corresponding wave
functions in the coordinate and momentum representation are
harmonic Gaussian functions ¢, (x,X,P,Ap) and their
Fourier transforms[1]

(x|n, X, P, Ap) = ¢, (x, X, P, Ap)
"( ) x—X .
= VA s (2.2)
2"\ 2nhAx
(pIn, X, P,Ap) = @,(p, X, P, bp)
1 —ipx
= E @ (x,X,P,0p) e dx (2.3)
in these expressions,
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» x and p are respectively the position and momentum
operators. In the coordinate representation, we have

d
X=X p = —La (24)

and in the momentum representation

xX=i— P=p (2.5)

» X and P are respectively the coordinate and momentum
mean values corresponding to the states |n, X, P, Ap)

={n,X,P,Ap|x|n, X, P, Ap)

- f % lgn(x, X, P, 0p)|2dx (2.6)

={n,X,P,0Mp|pIn, X, P, Ap)

= jp |@n (p, X, P, bp)|?dp 2.7)

> (Ax)? and (Ap)? are respectively the coordinate and
momentum dispersions (commonly called statistical
variances) corresponding to the states |0, X, P, Ap)

(ax)? = (0,X, P, bp|(x — X)?(0, X, P, Ap)

[a-0 i xpoprar o)

(Ap)? =(0,X,P,Ap|(p — P)?|0,X, P, Ap)
- f (0 - PY 1§ X, P.0p)[2dp  (29)

As@,(p, X, P, Ap) isthe Fourier transform of ¢,(x, X, P, Ap),
Ax and Ap arerelated by the relation:

1
AxAp = > (2.10)

(Ax)? and (Ap)? are called respectively coordinate and
momentum ground dispersions. For a state |n, X, P, Ap) the
corresponding values of the coordinate and momentum
dispersions are
(4x,)* = (n,X,P,0p|(x — X)?|n, X, P, Ap)
= [ =07 lgaCo X, P op)dx

= (2n + 1)(4x)? (2.11)

(4pn)* = (n,X,P,0p|(p — P)*In, X, P, Ap)

- f(p — PY? |@u(p, X, P, Op) Pdp

= (2n + 1)(4p)? (2.12)
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It can be shown [1] that the eigenvalue of the momentum
dispersion operator ¥ (1.1) corresponding to an eigenstate
[n, X, P,Ap) isequa to the value of momentum dispersion
corresponding to this state

Z|n, X, P,Ap) = (4p,)?|n, X, P, Ap)
= (2n+ 1)(Ap)?|n, X, P,Ap)  (2.13)

From the momentum dispersion operator X, we may define
the momentum quadratic mean operator

pr=P2+% (2.14)
p? admits the same eigeinstates as =
pZIn, X, P,Ap) = (P? +X)|n,X,P,Ap)
=[P? + 2n + 1)(Ap)?]|n, X, P, Ap) (2.15)

For the case of quadridimensiona relativistic theory, in
Minkowski space, it has been shown in [1] that as
generalization of the momentum dispersion (Ap)? we have to
define momentum  dispersion  —codispersion  tensor
(equivalent to variance-covariance matrix in probability and
statigtics) B, .If the variables are uncorrelated, the
dispersion-codispersion tensor is diagonal:

_1ap, 1

2
B, =(bp,) =c =
e = (0pu)" =570 (24xH)?

B, =0ifu#v (1=0,123) (2.16)

If the variables are correlated, this tensor is not
diagonal:B,, # 0if u +v. Then as generaization of the

momentum dispersion operator X, it was aso shown in [1]
that we have to define a dispersion- codispersion tensor
operator Z,,

1
zuv = E(pp. - Pu)(pv - Pv)
+ 2B, By (x® — X) (xF — XF) (2.17)
> The x* and p, are respectively the operators
corresponding to the coordinates and the components of
the energy-momentum quadricovector. They obey the

following commutation relations (g,,,, are the components
of the metric tensor ) :

[pox] =igw [Pwpy] =0 [x,x] =0 (2.18)
Joo =1 g =-1fork =123 g,, =0 if u+v(2.19)

In the coordinate representation, we have

d
xt = xH pp. = lm (220)

In the momentum representation, we have
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xt=—i— Py ="Dyu (2.21)

» The X* and the B, are respectively the mean values of the
operators x* and p, when the state of a particle is an

eigenstate|n, XH,P,, Bqg) Of the dispersion- codispersion
operator X,,,[1]

X" = (n, X", P,, Byg|x*|n, X", P,, Byp) (2.22)

P, = (n, X", B,, Bop|py |0, X*, B, Bugp) (2.23)
From the dispersion-codispersion operators Z,,,,, we can
define quadratic means operators (p,,)?:
-— 2
@2 =(B) + Zu (2.24)

I11.EQUATION FOR SCALAR FIELD
Let us consider the relativistic relation between the energy-
momentum and mass
9" pupy = m?
© (00)? — (P1)* — (02)* — (p3)? = m? B1)

For the quantization of this relation in the framework of our
approach, we adopt the following hypothesis:

Hypothesis 1: There is a mass operator m and a canonical
conjugate coordinate associated with m, denoted z , such we
have the commutation relation

[mt]_ =i (3.2)
in the T-representation
= =i g 3.3
T=T1 m= la_[ (3.3)
in the m-representation
= =2 3.4
m=m T= i (3.4)

Then we introduce the mass dispersion and mass quadratic
mean operators

(am)?
(ar)?

— 1
mZ—M2=E[(m—M)2+

(t- T)Z] (3.5)

(am)?
(a7)?

W=M2+%[(m—M)Z+ (T—T)Z] (3.6)

In these expressions, we assume that Am and At are related
by the relation
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AmAT = > & AT =
MmAT =~ S AT =——
2T T oam

So, we have aso for the operator m?2
— 1
m? = M? + E(m —M)2 +2(am)* (T —T)? (3.7)

M and T are respectively the mean val ues of the operators m
and T when the state is an eigenstate of the mass dispersion
and mass quadratic mean operators.

Hypothesis 2: For the quantization of the relation (3.1}, the
(p,)* arereplaced by the operators (p,)* and m? is replaced
by mZ. We then obtain the following operatorial relation

gLyt g E R —m? =0 (3.5)
We may suppose that between the mean values of the

momentum components and the mass, we have the following
relations

g“'B.B, = I (3.9)

Then therelation {3.87 becomes

gL, = m? — M? {3.10)

v

The application of this operator relation on a scalar function
lead to the an equation for the scalar field

(642, — (m? —-M*)]p=0 (3.11)

In coordinate representation, we have

ST

+2B,, B (x® —X%)(xF - ¥%)  (3.120)

S 1 . ;
m? =M + 5 (m — M2+ 20am*(z-T)F (3.128)
then the equation {3.117) becomes

e @ A
("G5~ B3 -R)

+4B,,B,g(x% — X*)(xF — ¥F)

—[(:‘% _ M]‘ +4lamP*(r—TPPe =0 (313

we remark that according to the equation{ 3.13], thefield ¢ is
afunction of the five variables x%, x*,x%,x% and .

IV.EQUATION FOR FERMION FIELD
Let us consider the relation (3.10)

A E = (mI — M?) (4.1)
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If we look at the expressions (2.17) and (3.7) of E,, and m?,
we remark that the relation (4.1) is a relation between second
order differential operators. In this paragraph, our aim is to
deduce from this relation a linear relation between first order
differential operators with a view to obtain a first order
differential equation for fermion field. As for the
establishment of the Dirac equation, we consider the
following “operator factorization”:

9 Ey — (m? — 7]
:é 9*1(p,— B.)(p, — R
+ 4B, B,g(x® — 1%)(xF — XF)]
_%[{m - M)? + 4(am)*(z — TV ®2)
_% (e (p, — B) + 29B,, (2% — ¥%)

+¢lm — M) + 208m)* T — 1]
la¥(p, — B) + 28"B,s(xf — XF)
—flm - M) - 20am)28(z = T)]

+2(B4BY + B¥BH)B, B, s (x" — X*) (xF — XF)
— Hm —M)? — 4(am)*e 2 — T
+ 2a*p" + p*a*)Bys(p, — B )(=F - X*F)
+ Gat— a*Jp, — B, )an — M)
+2@at — at@)am)?(p, — R )& —T)
+2(7 g% — BHI)B,, (2% — X%)(m — M)
+4la gk — grA)B,, (Am)? (x® — X%)(r — T)
—2038 + 8 Am) m — M)z —T)
—2if*a¥B,, + 2i9{Am)*]} (4.3)

In these relations, the coefficients &*, 8%.{ and @ are
considered as matrices which are to be determined.

By making identification between the relations 4.7} and
(4.3}, we can deduce the following relations:

afe¥ + a¥at = 2 (4.4)

prpY + pypt =262 .5)
a“BY + frak =0 (4.6)
P=1 (4.7)
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#2=1 (4.3)
{40 =0 (4.9)
{at — gkl =0 (4.10)
fat — a9 =0 (4.11)
(B —pEHI=10 (#12)
BRE — pRE = 0 (4.13)
B a"B,, — 8 (hm)? = 0 (4.14)

We can show that a set of matrices which verify the relations
(44} to (413} are

=yt @I, @I, (4.15)
=y @r*el, (4.16)
§=I4®I4®{1D _T) (4.17)
0=10Le () 1) (4.18)

The relation (4.14] is a relation which relate B,, and
(Am)* They*are the Dirac matrices, ¥% =iyPy*y¥?, I,
and I, arethe 4 = 4 and 2 x 2 identity matrices.

Then, the equation for fermion field which can be deduced is

[a(pu— B) + 28%B,, (=" — X*)
—{m - M) —2(Am)*9x - Ty =0 (419)
Or

la®(i8, — B,) + 28*B,,[x" — X*)
~{(ig-- M) - 20m)* 0 —TNe =0 (4.20)

According to the equation (4.20), the field  has thirty two
components and it is a function which depends on the five
variables x%,x % x% x* and 1.

V. CONCLUSION

As it is shown by the equations (3.13) and (4.20), our
approaches, which are based on the use of properties of
dispersion-codispersion operators lead as expected to the
obtention of equations for scalar and fermion fields. These
equations have some similarities with the Klein-Gordon and
Dirac eguations but there are also some differences between
them. As examples, unlike the case of the fields in the
equations of Klein-Gordon and Dirac, which depend on the
four variables  x".x%,x%,, the fields in our equations
depend on five variables x".x%x%:and . Another
remarkable difference is the explicit presence of the

momentum dispersion-codispersion tensor  F and the mass
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dispersion  {Am in our equations. These presences are
related to the fact that our approaches are based on the use of
results from a phase space representation of quantum theory
which takes into account the quantum uncertainty relation.
Our approach may be then used in the formulation of a
quantum field theory in phase space.
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