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Abstract- For  any  partition  ì = ( ì1, ì2, ..., ìn ) of a non - negative integer number  r there exist a diagram (A) of  â - numbers for each e 
where e is a a positive integer number greater than or equal to two; which introduced  by James in 1978.These diagrams (A) play an 
enormous role in Iwahori-Hecke  algebras  and q-Schur algebras; as presented by Fayers in 2007. In this paper we introduced a new 
diagram (A') by employing  the "rightside-left " application on the main diagram (A). We concluded that we can find the successive main 
diagrams (A')   for the guides b2, b3,. . . and be depending  on the main diagram (A') for b1 and set this fact as a rule named Rule (3.1).We 
depended in our work on  the idea of the intersection of the main diagrams (A) given by Mahmood in 2011 and the "upside-down  â - 
numbers" again given by Mahmood  in 2013.  
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I. INTRODUCTION 
Let r be a non- negative integer. A partition ì =( ìଵ, ìଶ,� , ì୬) of r is a sequence of non - negative integers 

such that ȁìȁ = σ  ì୧ = r ୬୧ୀଵ   and  ì୧ ≥ ì୧ାଵ;              
i ≥ 1, [1]. For example, µ= (5, 4, 4, 2, 2, 2,1) is a partition 
of  r =20. â - numbers was defined by; see James in [2]: "Fix 
µ is a partition of  r, choose an integer b greater than  or 
equal to the number of parts of  µ and  define â୧ = ì୧ + b −i , 1 ≤ i ≤ b. The set ሼâଵ, âଶ,� , âୠሽ is said to be the set of  
â-numbers for µ". For the above example, if we take b =7, 
then the set of â - numbers  is {11,9,8,5,4,3,1}.      
Now, let e  be a positive integer number greater than or 
equal to 2, we can  represent  â - numbers  by a diagram 
called diagram (A). 

 
     
      
 
diag.(A) 
 
 
 
 

Where every â will be represented by a bead ( ● ) which 

takes  its location in diagram (A). Returning to the above 
example, diagram (A) of â-numbers for e = 2 and e = 3 is as 
shown below in diagram 1 and 2 respectively:  

 

 
 

Dig.1                                        Dig.2 
Note: Along this paper, we mean by diagram(A); diagram 
(A) of â-numbers  
 

 
This subject has a connection with representation theory of    
lwahori - Hecke  algebras and q-Schur algebras [3].                 
Also any partition µ of r is called w-regular; w ≥ 2, if there 
does not exist  i ≥ 1 such that  ì୧ = ì୧ା୵ିଵ  0 and µ  is 
called w-restricted if  ì୧ − ì୧ାଵ < w; ∀i ≥1. 
 
II. THE  INTERSECTION OF  â -  NUMBERS  IN      

      THE MAIN DIAGRAMS 

Mahmood in [4] introduced the definition of main 
diagram(s) (A) and the  idea of the intersection of these main 
diagrams. in this section, we  repeat the principals  results, as 
follows: Since the value of  b ≥ n; [5], then we deal with an 
infinite numbers of values  of  b. Here we want to mention 
that for each value of b there is a  special diagram (A) of â- 
numbers for it, but there is a repeated part of one's diagram 
with the other values of b where a "Down �shifted" or "Up- 
shifted", occurs when we  take the following : 

(b1  if  b = n), (b2  if  b = n+1), . . . and (be  if  b = n+(e-1)).   
Definition (2.1): [4] The values of  b1 , b2, . . . and be are 
called the guides of any diagram (A) of â-numbers . 
For the above example, the guides values are  b1 = 7 and  
b2 =8 if  e = 2 where  ì = ሺ5, 4,4, 2, 2, 2,1ሻ, then: 
  

           
 
 
 
 
 
 
 
 
 

 
 
 

run. e  . .  . run. 2 run. 1 
e-1 . . . 1  0  

2e-1 . . .  e+1 e 
3e-1 . . . 2e+1 2e 

. . . .  

. . .  . 

. . .  .  

e = 2   b =7 
0     1 
2     3 
4     5 
6     7 
8     9 
10   11 

─ ● 
─ ● 
● ● 
─ ─ 
● ● 
─ ● 

 

      e =3       b =7 

  0      1      2 
  3      4      5 
  6      7      8 
  9      10    11 

─ ● ─ 
● ● ● 
─ ─ ● 
● ─ ● 

 

e = 2 b1 =7 b1+1(e) b1+2(e) 
0       1 
2       3 
4       5 
6       7 
8       9 

10     11 
12     13 
14     15 

─      ● 
─      ● 
●      ● 
─      ─ 
●      ● 
─      ● 

 

●      ● 
─      ● 
─      ● 
●      ● 
─      ─ 
●      ● 
─      ● 

 

●      ● 
●      ● 
─      ● 
─      ● 
●      ● 
─      ─ 
●      ● 
─      ● 
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      Dig.3 Illustrates the idea of "Down- shifted"    
 
We  define any diagram (A) that corresponds any  b guides as a 
"main diagram" or "guide diagram". 
 
Theorem (2.2): [4] There is e of main diagrams for any 
partition µ of  r.ሁ 
 
The idea of the intersection of any main diagrams is defined 
by the following: 
1- Let ߬ be the number of redundant part of the partition µof 
    r, then we have ì = ሺìଵ, ìଶ,� , ì୬ሻ = (ëଵதభ, ëଶதమ ,� , ë୫தౣ)     

    such that  r = σ ì୧ =  σ ë୨தౠ୫୨ୀଵ୬୧ୀଵ . 

2- We denote the intersection of main diagrams  by        ځ m. d.ୠ౩ୱୣୀଵ  . 
3-   The  intersection  result  as a numerical  value  will be      
       denoted by #൫ځ m. d.ୠ౩ୱୣୀଵ ൯, and it is equal to  in the    
       case of  no existence of any bead,  or ã in the case that ã  
       common beads exist in  the main diagrams. 
 
For the above example where ì = ሺ5, 4,4, 2, 2, 2,1ሻ =            
 (5, 42, 23,1), r = 20, if e = 2 then there are two guides, the 
first is b1 = 7 since n = 7 and the second is b2 = 8, the â- 
numbers are given in table 1:  

             
                 Table 1.   â- Numbers 

 
 
 
 
 
 

Hence,the  main diagrams and their intersection will be as 
shown in diagram 4: 

 
 

 
 
 
 
 
 
 
 
   
Dig.4 

The intersection of the main diagrams (A) for e=2 
                           

Notice that,  #൫ځ m. d.ୠ౩ଶୱୀଵ ൯ =3. 
The two principle theorems about the idea of the intersection 
of any main diagrams are:  

 
Theorem (2.3):[4]  For any  e ≥ 2, the following holds:        
1-  #൫ځ m. d.ୠ౩ୱୣୀଵ ൯ = ϕ if ô୩ = 1,∀k where 1 ≤ k ≤ m.    
2-  Let  be the number of parts of  ë which satisfies the       
        condition ô୩  ≥ e for some k, then: 
        #൫ځ m. d.ୠ౩ୱୣୀଵ ൯ = [ σ ô୲ − Ù (e − 1)]Ù୲ୀଵ .ሁ 
 
Theorem ( 2.4):[4] 
1-  Let µ be a partition of  r and µ is w-regular, then:             

 #൫ځ m. d.ୠ౩ୱୣୀଵ ൯ = ൜value      if e < w,ϕ             if e ≥ w. �                            
2-  Let µ be a partition of  r and µ is h-restricted, then:            

       #൫ځ m. d.ୠ౩ୱୣୀଵ ൯ = ൜ value if  e < h ݎ݋ ሺe = h and h < wሻ,ϕ        if  e > h  ݎ݋ ሺe = h and h ≥ wሻ.ሁ� 
 

Also, Sarah M. Mahmood in [6] gave the same subject by 
using  a new technique which supported the results of 
Mahmood in [4]. 
 

III.    RIGHTSIDE - LEFT  â - NUMBERS 

In this work, we introduce a new diagram depends  on  
the old diagram (A) with application of " rightside- left". 
The new diagram  has another partition  of the origin 
partition and  if we use the idea of the intersection, the 
partition of the beads will not be the same (or will not be the 
sum) in #൫ځ m. d.ୠ౩ୱୣୀଵ ൯ in the normal main diagrams.            

From the above  example,where  ì = ሺ5, 4ଶ, 2ଷ, 1ሻ and e =2, 
then, we shall have a  group of diagram (A' ) to take the idea 
of  rightside � left as  shown in diagram 6 below:     

   
               

 

R-L 

 

 

 

              Dig.5  (A)                               Dig.6  (A')                                   

Now,  if we use the old technique for  finding any partition 
of any diagram (A'), the value of the partition will not  be  
equal to the origin partition? so, we delete any effect of (-) in 
(A) after the position of â1,  and we start with number 1 for 
the first (-) a (left to right) in any row exist in (A), and with 
number 2 for the second (-) and ... etc, and we stop with last 
(-) before the position â1  in (A) as shown in diagram 7. 
Now, to apply "rightside- left " on (A), the new version (A') 
has the same partition of (A), see diagram 8. 
 

e = 2 b2 = 8 b2+1(e) b2+2(e) 
0       1 
2       3 
4       5 
6       7 
8       9 

10     11 
12     13 
14     15 
16     17 

●      ─ 
●      ─ 
●      ● 
●      ─ 
─      ● 
●      ─ 
●      ─ 

 

●      ● 
●      ─ 
●      ─ 
●      ● 
●      ─ 
─      ● 
●      ─ 
●      ─ 

 

●      ● 
●      ● 
●      ─ 
●      ─ 
●      ● 
●      ─ 
─      ● 
●      ─ 
●      ─ 

        â 
i
            

 b 
s
            

â1 â2 â3 â4 â5 â6 â7 â8 

b1 = 7 11 9 8 5 4 3 1  

b2 = 8 12 10 9 6 5 4 2 0 

b1 = 7 b2 = 8 ځ ୀ૚ܛ૛ܛ܊.܌.ܕ   

─      ● 
─      ● 
●      ● 
─      ─ 
●      ● 
─       ● 

●       ─ 
●       ─ 
●       ● 
●       ─ 
─       ● 
●       ─ 
●       ─ 

─       ─ 
─       ─ 
●        ● 
─        ─ 
─        ● 
─        ─ 
─       ─ 

b1 =7 b2 = 8 
 ─     ● 
 ─     ● 
 ●     ● 
 ─     ─ 
 ●     ● 
 ─     ● 

●     ─ 
●     ─ 
 ●      ●  
 ●      ─ 
 ─       ● 

   ●      ─ 
 ●      ─ 

       b1 =7 b2 = 8 
●     ─ 
●     ─ 
●      ● 
─     ─ 
●      ● 
●     ─ 

─     ● 
─     ● 
●      ● 
─     ● 
●     ─ 
─     ● 
─     ● 
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R-L 

 
  
 
 
 
 

Dig.7  (A)                                        Dig.8   (A')                                                                     
 
Remark: The main diagram (A') in case b1 = n, plays  a 
main role to design all the main diagrams (A') for                  
(b2 = n+1), ... and (be= n+(e-1)), as follows: 
 
Rule (3.1): Since the main diagram (A') in the case b1, we 
can find the successive main diagrams (A') for  b2, b3, ..., and 
be , as follows: 
1)    1st column in the case b1= n → last column in the case   
        b2 and to add one (●) in up  (e-1) column in the case 
        b3 and to add one (●) in up → ⋯ → 2nd column in the  
        case be and to add one (●) in up of main diagram (A'). 
2)     2nd column  in the case b1 → 1st  column in the case b2  
        and to add one (-) in down → last column in the case b3 
        and to add one (●) in up→ ⋯ →3rd column in the case  
        be  and to add one  (●) in up of  main diagram (A').       
 .              .  .  .                                                                         
 .              .  .  .                                                                         
 .              .  .  .                                                                         
e)     last column in the case b1  (e-1) column in the case b2 
        and to add one (-) in down →  � → 1st column in the   
        case be  and to add one (-) in down.ሁ 
 
  This rule is clarified in diagram  9 For  the above  example,                                              
where  ì = ሺ5, 4ଶ, 2ଷ, 1ሻ and e = 3: 

 
 
 
 
 
 
 
 

           Dig.2 
 
                  

 
 
 
                            
 
 
 
 
 

 
                           Di.g. 9 

Theorem (3.2): All the results  in  [4]   about the main        
diagram (A) is the same of the diagram (A') but in rightside 
� left position.ሁ  
 
One of these results  is  the intersection of the main 
diagrams. so, the fact mentioned in theorem (3.2) is clear in 
diagram  10 comparing it with diagram 4, for our example 
when  ì = ሺ5, 4ଶ, 2ଷ, 1ሻ and e=2 and for e=3, see the two 
diagrams 11 and 12: 
 

 
 
 
 
 
 
 
 
 
 
 

Dig.10 The intersection of the main diagrams (A') for e=2  
 
Notice that, #(ځ m. d.ୠ౩ଶୱୀଵ ) = 3, in both cases.  
 

     Dig.11 The intersection of the main diagrams (A) for e=3 

 
     Dig.12 The intersection of the main diagrams (A') for e=3 
 
Note that,  #(ځ m. d.ୠ౩ଷୱୀଵ ) = 1, in both cases.  
IV.    CONCLUSION 

In this paper, a procedure is suggested for the diagram(A') 
of â-numbers which represents the rightside-left diagram (A) 
of â-numbers to have the same partition of diagram (A) of â-
numbers. Furthermore, a rule for designing all the main 
diagrams (A') for b2, b3, . . . and be is setted depending on the 
main diagram (A') for b1. And finally, we found out that the  
intersection of the main diagrams (A') is the same of the 
main diagrams (A) but in rightside-left  position. 
 
 
 

b1 = 7 b2 = 8 
   1    ● 
   2    ● 
   ●    ● 
   3     4    
   ●    ● 
   5    ● 

  ●     1   
  ●     2 
  ●     ● 
  ●    3 
  4      ●    

  ●     5     
  ●    X                                       

b1 = 7 b2 = 8 
●     1 
●     2 
●     ● 
4     3 
●     ● 
●     5 

1      ● 
2      ● 
●     ● 
3      ● 
●      4 
5      ● 
X      ● 

b1 = 7  b2 = 8  b3 = 9  ځ    ୀ૚ܛ૜ܛ܊.܌.ܕ

─ ● ─ ● ─ ● ─ ● ● ─ ─ ─ 
● ● ● ● ● ─ ● ─ ● ● ─ ─ 
● ─ ─ ─ ─ ● ─ ● ● ─ ─ ─ 
● ─ ● ─ ● ● ● ● ─ ─ ─ ─ 
   ─ ─ ● ─ ● ─ ─ ─ ─ 

b1 = 7 
─     ●    ─ 
●     ●     ● 
─    ─     ● 
●     ─    ●   

 

b1 = 7  b2 = 8  b3 = 9  

─ ● ─ 
● ● ● 
● ─ ─ 
● ─ ● 
   

 

● ─ ● 
● ● ─ 
─ ─ ● 
─ ● ● 
─ ─ ● 

 

  

 

─     ●     ● 
●     ─     ● 
─     ●     ● 
 ●     ●     ─ 
 ─     ●     ─ 

 

b1 = 7 b2 = 8 ځ ୀ૚ܛ૛ܛ܊.܌.ܕ   

●     ─ 
●     ─ 
●      ● 
─     ─ 
●      ● 
●     ─ 

─     ● 
─     ● 
●      ● 
─     ● 
●     ─ 
─     ● 
─     ● 

─     ─ 
─     ─ 
●     ● 
─     ─ 
●     ─ 
─     ─ 
─     ─ 

b1 = 7  b2 = 8  b3 = 9  ځ    ୀ૚ܛ૜ܛ܊.܌.ܕ

─ ● ─ ● ─ ● ● ● ─ ─ ─ ─ 
● ● ● ─ ● ● ● ─ ● ─ ─ ● 
─ ─ ● ● ─ ─ ● ● ─ ─ ─ ─ 
● ─ ● ● ● ─ ─ ● ● ─ ─ ─ 
   ● ─ ─ ─ ● ─ ─ ─ ─ 
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