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Abstract- This paper presents a unified scaling law for biosensor using nanogolds in various structures of nanorods, nanoshells and
nanoslits. Analytic formulas are developed by a generalized geometric factor (G) for the resonance wavelength and the associate
sensitivity, where G depends on structure types and is defined by: the length and width ratio (for nanorad); the inner and outer
diameter ratios of the gold-costed silica shell (for nanoshell); the period (for surface mode) and the ratio of slit height and dit width
(for cavity mode). The general feature of the figure of merit and its optimal conditions are derived. The analytic formulas arejustified
by numerical solutions and show the nonlinear featuresfor awide range of resonance wavelength.
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. INTRODUCTION

Bio-imaging, bio-sensing, drug delivery, diagnostics and
selective phototherapeutics have been the focus of the
applications of metal nanoparticles in biomedicine [1-4].
Various nanoparticles have been explored for the use of
surface plasmon resonance (SPR) including shapesin spheres,
rods, boxes, cages and shells [4-8]. By changing the shape of
nanoparticles from spheres to nanorods, the absorption and
scattering peaks change from visible to the near-infrared
(NIR) regime. Comparing to the visible light, light in the NIR
regime offers the advantages of larger absorption and
scattering cross sections and much deeper penetration depth
in tissues [1-5]. The red-shift of the absorption peak in
nanorods is governed by the aspect ratio (defined by as the
ratio of the length to the cross-sectional diameter), whereas it
is governed by the shell thicknessin nanoshells [6].

The performance of nanosensors is characterized by not
only the index sensitivity (M), but more importantly, the
figure of merit FOM = M/FWHM, where FWHM is the full
width at haf maximum of the extinction profiles of the
nanoparticles. The index-sensitivity defined by the red-shift
of the absorption peak per unit change of the refractive index
of the sensing medium, has been studied for nanoparticles of
various shapes [9,10]. Sensitivity and figure of merits for
various nanostructures have been studied by the author
numerically [11-13]. This paper presents, for the first time,
the analytic formulas and a unified scaling law based on a
generalized geometric factor which unifies various nano-
structures.

[I. THE UNNIFIED THEORY

The Geometric Factor (G)
Asshown in Figure 1, three type of nanostructures are unified
by a geometric factor (G) defined by:
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G=B/A, theratio of rod length (B) and width (A);

G=r1/R, theratio of theinner (r) and outer diameter
(R) of the gold-coasted silica shell;

G=P (for surface mode in nanodlit); and

G=h/d (for cavity mode in nanodlit).
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Fig. 1 A geometric factor (G) defined in various
nanostructure of (A) nanorod, (B) nanoshell and (C) nanoslit.

The Permittivity of Gold
Thereal (¢') and imaginary part (¢") of gold relative
permittivity, reported by Johnson and Christy [7], may be
fit to the following nonlinear equations[11,12]:
&'(1)=12.5-0.024 - 0.000033347,
for wavelength range of (550-2000) nm;
£"(1)=0.000051% - 0.0711 + 25.65,
for short wavelength range of (500-700) nm;
£"(A)=0.0000114% — 0.01271 + 4.6 ,
for long wavelength >700 nm.

The Resonance Wavelength and Sensitivity (M)

As shown in Fig. 2, the resonance wavelength versus the
geometric factor (G) and medium refractive index (n) for the
linear case (B-1) and nonlinear case (B-2). Fig. 3. showsthe
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sensitivity (M) associate to Fig. 2 which is based on a
nonlinear equation of G and n,

wavelength wavelength
V %
G n
A B)

Fig. 2 Resonance wavelength versus G and medium index (n)
for the linear case (B-1) and nonlinear case (B-2).

Sensitvity (M) Sensitvity (M)

G n
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Fig. 3. The sensitivity (M) associateto Fig. 2.

A =a+(b+cn+dn’)G (6]
which is linear in G but nonlinear in n. The associate
sensitivity defined by the derivative of Eq. (1) M =dA/dn

M =(c+2dn)G 2
which is shown in Fig.3 for both linear and nonlinear cases.
We will show later that the above general formulas are based
on our early published numerica results[11,12].

The Figure of Merit (FOM)

As shown in Fig. 4, given the spectrd of gold, one may
find the full width at half maximum (FWHM) in wavelength
which is then converted to the geometric factor (G) based on
the linear relationship of Eq. (1). The FWHM may be
expressed by FWHM=e+(G-f)? which combined with Eq. (2)
for M gives us the figure of merit (FOM)=M/FWHM. The
optimal G* for maximum FOM is given by d(FOM)/dG
(G=G*)=0to obtain

G* = f /(1+0.5¢* /| FWHM) ©)
FWHM FOM
L
G G*
(A) (8)

Fig. 4. Full width at half maximum (FWHM) of gold and the
figure of merit (FOM) showing an optimal value at G=G*

The Numerical Results

Fig. 5 and 6 show FWHM and FOM versus the gold nanorod
aspect ratio G=B/A based on numerical calculations [11],
which shows the optimal G* about 4.0 corresponding o a
resonance wavelength about 810 nm. A diode laser at 810 nm
is recommended for biosensor using gold-coated fiber sensor
[13]. The resonance wavelength in nanogold rods given by a
fit equation [11]
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A =395+ (86.5n+3.5n° — 28) R+ 5n° 4
which gives the fit equation for the sensitivity (M)
M =(86.5+ 7n)R+15n? (5)
_ - n=1.33
E O
z w|
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Fig. 5. Full width at half maximum (FWHM) versus the gold
nanorod aspect ratio G=B/A based on numerical calculations,
after Lin [11].
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Fig. 6 Sameas Fig. 5, but for FOM versus G, after Lin [11]..

NANOSHELL

Fig. 7 shows the FOM versus the reduced thickness
T==t/R=1/G -1, based on numerical calculations [12]. which
shows the optimal T* abut 0.15 (or thickness about t= 0.13R)
or G* about 0.88, corresponding o a resonance wavelength
about 810 nm.

The resonance wavelength in nanoshell is given by a fit
equation [12]

A=a+bexp(-T/c) (6)
with a = 568.2, b = 761.5 and ¢ = 0.11117, which is more
accurate than that of Jain and El-Sayed [3] ignoring the
nonlinear term in Eq. (3). It should be noted that the scaling
fit coefficients (a,b,c) are dightly influenced by the refractive
index of the core and the sensing medium. The fit equation
for the sensitivity (M) is given by

M =a'+b'exp(-T/c), @)
where a' =127.68, b' =596.18, and ¢' =0.1023for a
silicacore (n, = 1.45) in water medium (n = 1.33).

n=1.45 (silica-core)

FOM
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Fig. 7. FOM versus the reduced thickness T==t/R=1/G -1, based
on numerical calculations, after Lin [12].
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Nanoslit

The extraordinary transmission of a TM wave in nanoslits was
explained by two resonances: the surface plasmon wave propagating
aong the metallic interface and the gap resonance inside the nanoslit
cavity (cavity mode) [14-16].

(@) Surface modes[14]

Fig. 8 and 9 show the FWHM and FOM versus the slit period (P)
based on numerical calculations (J.T. Lin, unpublished), which
shows the optimal P* abut 500 nm, corresponding to a resonance
wavel ength about 660 nm.

m -

FWHM (nm)

P (nm)

Fig. 7. FWHM versus the dlit period (P), based on numerical
calculations for the surface plasmon mode (after Lin,
unpublished).
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Fig. 8 Same as Fig. 7, but for FOM.

The resonance wavelength for the surface mode is given by a
fit equation

A=nP+3.73n° ©)
which gives the fit equation for the sensitivity (M)
M =P+7.46n 9)

Eqg. (8) and (9) show that the surface mode resonanceis
characterized by a geometric factor given by G=P.

(b) Cavity modes[15]

In the asymptotic approximation, the resonance
wavelength is given by [15]

i- (2'\(‘] h](l h, /) (10)

Where N, is an effective refractive index and q is the number
of resonance mode. From above equation, one expects [Nqh]
will be the universal ratio for the resonance wavelength.
Moreover, this scaling ratio can be further reduced to a
geometric factor [nh/d], since Ny is proportional to n/d.

The refractive index sensitivity, in the asymptotic regime,
can be easily derived from Eq. (10) asfollows,

oL 2 0
{an ho} (11)

M, —=—(h hO)F(d)—
which is an |ncreasmg function of the nanoslit geometric
factor G= (h/d). Therefore, one shall also expects an optimal
ratio h/d for the FOM of the cavity mode. Greater details
based on numerical calculation will be shown elsewhere [15].
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I11.CONCLUSIONS

A unified scaling law for biosensor using nanogolds in
various structures is presented. Analytic formulas, Eg. (1) and
(2), based on a generalized geometric factor (G) for the
resonance wavel ength and the associate sensitivity is derived,
where G is defined by the length and width ratio in nanorad;
the ratio of the inner and outer diameter of the gold-coasted
silica shell; the period (for surface mode) and the dit height
and width ratio (for cavity mode). The general feature of the
figure of merit the figure of merit (FOM)=M/FWHM. The
optimal G* for maximum FOM is derived, Eg. (3). The
andytic formulas are justified by numerical solutions and
show the nonlinear features for a wide range of resonance
wavelength.

ACKNOWLEDGMENT

This work is partialy supported by the grant from
Xiamen-200 program (Xiamen Science & Technology
Bureau, China) and the R& D funding of New Vision Inc.
(Taiwan).

REFERENCES

[1] L.Tong, G. Wei, and J.X. Cheng, “Gold nanorods as contrast agents for
biological Imaging: optical properties, surface conjugation and
photothermal effects,” Photochem and Photobiol 85, 21-32 (2009).

[2] JL. West, N. J. Halas, “Engineered nanomaterials for biophotonics
applications:improving sensing,imaging,and therapeutics,” Annu Rev
Biomed Eng 5, 285-292 (2003).

[3] P.K.Jainand M. A. El-Sayed, “Surface plasmon resonance sensitivity
of metal nanostructures: physical basis and universal scaling in metal
nanoshells,” J Phy Chem C 111, 17451-17454, (2007).

[4] H. Chen, X. Kou, Z. Yang, W. Ni and J. Wang, “Shape- and size-
dependent refractive index sensitivity of gold nanoparticles,“ Langmuir
24, 5233-5237 (2008)

[5] C.F. Bohren, and D. R. Huffman, Absorption and scattering of light by
small particles, Wiley, New York (1983).

[6] R.D.Aveitt, S. L. Westcott and N. J. Halas, “Linear optical properties
of gold nanoshells,” JOpt Soc Am B16, 1824-832(1999).

[71 P. B. Johnson and R.W. Christy, "Optical constants of the noble
metals,” Phys. Rev. B 6, 4370-4379, (1972).

[8 J T. Linand Y. L. Hong, “ A nonlinear optical theory for gold
nanorods,” Proc SPIE 7574, 75740A1-5 (2010).

[9] M. M. Miller and A. A. Lazarides, “Sensitivity of metal nanoparticles
surface plasmon resonance to the dielectric environment.” J. Phys.
Chem. B 109, 21556-21565 (2005).

[10] Cao and N. Gu, “Optimized surface plasmon resonance sensitivity of
gold nanoboxes for sensing applications,” J. Phys. Chem. C 113, 1217-
1221 (2009).

[11] J.T. Lin, “Nonlinear optical theory and figure of merit of surface
plasmon resonance of gold nanorods”, J. Nanophotonics vol. 5, p.
051506 ( 2011).

[12] J. T. Lin, “Scaling law and figure of merit of biosensor using gold
nanoshells”. J Nanophotonics, Vol.4, 049507 (2010).

[13] J.T. Lin et &, “Analysis of scaling law and figure of merit of fiber-
based biosensor”, J. Nanomaterials, vol. 2012, ID 154732 (2012).

[14] J. T. Lin, H. W. Liu, “Analytic formulas for biosensor sensitivity in
silica-coated gold nanoslits”, Medical & Biological Engineering &
Computing (2014, in press).

[15] J.T. Lin, D. C. Cheng, H. W. Liu, “Universal scaling laws and

biosensor applications of resonance cavity modes in gold nanoglits,” J.
Polymer Res (2014, in press).

[16] P. Lalanne, J. P. Hugonin, and J. C. Rodier, “Theory of surface
plasmon generation at nanoslit apertures,” Phys. Rev. Lett. 95, (2005)

25



