International Journal of Latest Research in Science and Technol ogy
Vol.1,Issue 4 : Page N0.317-323 ,November-December 2012
https: //www.mnkpublication.com/jour nal/ijlr st/index.php

ISSN (Online):2278-5299

&

DEFINITIONS OF COMPLEX ORDER INTEGRALS
AND COMPLEX ORDER DERIVATIVESUSING
OPERATOR APPROACH

! Raoelina Andriambololona, > Ranaivoson Tokiniaina,® Hanitriarivo Rakotoson
! Theoretical Physics Department, Institut National des Sciences et Techniques Nucléaires (INSTN-Madagascar)
instn@moov.mg, raoelinasp@yahoo.fr, jacquelineraoelina@yahoo.fr
2 INSTN-Madagascar, tokhiniaina@gmail.com
3 INSTN-Madagascar, infotsara@gmail.com

Abstract : For a complex number s , the s-order integral of a function f fulfilling some conditions is defined as the action of an
operator, noted J*, on f. The definition of the operator J* is given firstly for the case of complex number s with positive real part.
Then, using the fact that the operator of one order derivative, noted D' | isthe left hand side inverse of the oper ator j", an s-order
derivative operator, noted B* , is also defined for complex number = with positivereal part. Finally, considering therelation j* = b=,
the definition of the s-order integral and s-order derivative is extended for any complex number s. An extension of the definition

domain of the operatorsis given too.
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|. INTRODUCTION

The problem of the extension of real integer-order
derivatives to fractiona derivatives is an old one introduced
by Leibnitz in 1695. Severa approaches have been done and
bibliography may be found in references[1], [2]

In our work [3], we have given an unified definition for
both derivatives and indefinite integrals of any power
function fix) = ax® defined on R,. Notions of linear, semi-
linear, commutative and semi-commutative properties of
fractional derivatives have been introduced too.

Our investigations are going on. In another work [4], we
have utilized a more general approach. We have considered a
larger set of causal functions, which is the definition domain
of s-order integral operatorsf“. The k-order derivative
operator 0¥ is derived from the s-order integral operators .
Properties of J* and p¥ for any positive real = and positive
real & have been studied. Remarkable relations verified by
J&.J5.D% and D* for transcendenta numbers = and ¢ have
been given too.

We have studied the case of s and & real numbers (case of E
field)[4].

In the present paper, we will give the extension to the case
of complex numbers (T field). The extension is neither trivia
nor straightforward because we have to study the existence of
the s-order integral operator J* and the k-order derivative
operator 0¥ in the case of complex numbers = and k.

It was shown in [4] that for a derivable and integrable
function f of red variable verifying the condition

flx) =0
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For x=10 (1.1}

and for s € B, a s-order integral and s-order derivative of
the function § can be defined respectively as

1 X
TG = m!ﬂr—y] Lfyddy (12

< f
=— | (1 —u)* ! flux) du
1'{5]!

De(F) (x) = DF**(F)(x) (1.3)

with & = 5.T is the Euler gamma function [5]. [6]. Now we
extend those resultsfor = € L.

Remark

We would like to point out that throughout our work, we
utilize the notation for the operator product i.e

JEURNA) G =72 PLF G
B(p)(gq) stands for the writing of the usua
B(p.q)
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[I. DEFINITION OF 5-ORDER INTEGRAL OPERATOR [*
FOR 5 A COMPLEX NUMBERWITH Ref(s) =0

Theorem 1

For afunction fverifying the conditions f{x} = 0 for
x = 0, theintegra J*(f}(x) defined by the relation

I S D
;(;Juj-r{s]!a—;-_u Foidy  (21)

is absolutely convergent for = € L and Re(s) = 0.
Proof
Let s = & + iff then

ooy | lx—yler
‘ T f“’:‘“ AT

(.r—}]

” I'"f,sj mi“d} BESIN ol

Using an integration by parts, we have for Rels) = & = 0

':.1’ L:] x—1
f e F9Yle
‘m (fim (x=3)7IF O = lim (x = )£ 0]

- [ - welrcaray)

}_Iif;z_(x -y)¢Ifl =0 }_fifgir -wElfonl =0

So

M=yt re-ps
! TG 0dldy = [ mATIAR
For = eI — [0, +es[andfor « = 0

D=y=x =20=x—y=x=>0=(x—y)* =x*

(r—)" x%
= 0= —

i L e
~ glrs] T el
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r{x }:]r: | e x r
=~j Iy < |r{s]|!|f{}-‘]|d}'
j ﬂcwmma G|
2 Y =l

(x—yFt
= J —1_,[5?' Fi¥) ‘ dy
]
(e—y)F
J 2ty [y < |<sJ|'f{"]'

Then for @ = Rels) = 0, weobtain

PG = ” rm f{;J‘d} < FI22)
The integral J°(f.(x) is absolutely convergent for
& = Rels) = 0.

As an extension of the relation{1.2} we consider the
following definition.

Definition 1

Let # be a function which fulfills the condition f{x} = @ for
x = 0. For complex number = with Re(s) = 0,we define the
s-order integral of the function f , considered as the action of
the operator [ on thisfunction, by the relation

) ) = % [a—=rGay (2.3)
i o

1
xs

=— | (1 —u) " flux)du
r{sJ!

according to the theorem 1, the integral j° (5> (x) iswell
defined.

Example

f':.l’] = yi+ib — g la+Elnix) atib el

= x%[cos(binx) + isin (binx)]

1 X
PO =5 Df (x — )" F(y) dy

= %J‘{'l —u)* ! Flux)du

S+I:+l|5'

JirS{_rE+lE':] — 1—-{5:] J‘{l _,u:]s 1 |:+I.E'd,u
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E+a+L0
X

= E(s, ib+1
re) (s.a+ib+1)
in which B is the extension of the Euler’s beta function for
complex numbers

Bls,at+ib+1) = [(1 —u)* By
o

Tsila +ib+1)
T T(s+a+ib+1)

in which T is the extension of Euler’s gamma function for
complex numbers

(ot = BT + ib + 1)
P =T TetatmsD

[le + 1 4ip)

— s+a+if 2.4
TG +a+i3—1) @4

If s = & + i intherelation (2.4], we have

[(a +ik + 1)
Ta+if+a+ib+1)

lf‘glf_r“'[i'] — a+a+ib+if

Ma +ib+ 1)
= Prcas
Ma+a+1+if+ib)

[cos((B + Blinx) + isin((8 + b)Inx)] (2.5)
From the relation (2.4, it can be easily deduced that
Jrslf::{xr_'-a-ib:] = Jr:,_-a-::{xr_'-a-ib:] :Jr:,__lr::,:xc-a-ib:] (2.5:]

[I1. PROPERTIESOF THE OPERATOR FOR Rgls) =

Theorem 2

The set E of function f verifying the conditions f (x) = 0
if x = Disavectorid space onthefield T of complex
number and the operator j*isalinear operator on E.

Proof
The set E of functions which verify the conditions (1.1} isa

vectorial space on thefield C:
vif.g)e ELf(x) =0 and glx) =0ifx =0
=2 v(du) e € Af(x) +uglx) =0ifx <0

= (if +uglek

The operator [¥isalinear operator on E

ISSN:2278-529

VfeE: F{f]{x]—ﬁ[{x—ﬂs FFG) dy

fal=vifx= 0=l =vifx=0
=2J%(f) eE

=wli ) ef? wif.g) e F:

U + 100 = 55 [ G = )52 [ify) + ug ()1

A ; .
=ﬁ!(x y)ELF(y) dy +Ej‘(x—}ﬂ“ Lgly)dy

= A + wfé g (x) (3.1)

Theorem 3

For all complex numbers s, and s, with Re(s,} = 0 and
Rels;) = 0, we have the semi-group property

Jrsifs: ':f:] ':x:] — Jr31+s; ':f] ':x:] = _,i’gi_lf'gi ':f:]'f.r:] {3 2]

Proof

JR () =

1 » . -y .
[(s)TGsy) J,, dy (x —y)* JD dz(y—2)%7'f(z)  (3.3)

we apply the Dirichlet’s formula given by Whittaker and
Weatson [7] [8]

an:}‘(x —y)ut L}.dz (y — )~ g (1, 2)

=f 4z f dy (x = y)5 Hy — 9% g(y.2) (3.4)
] x

for gly.=) — Fi=)
F (G

1 F &
= 3 i — )y — 2!
T TG, T (s,) J‘D ﬁ'.zf{zJ; dy(x—y)" (y—=

we perform the change of variable

y=z+ulx—z) dy={x —z)du
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o2 () x)

o 1
= F)Eeti-1 » ayFem Ly st
COGD fD @G o) fD du(t

we obtain the Euler’s beta function

[(s )1 (sz)
[(s +55)

1 X
fif*&lirﬁmj;dzf(z]{x—zji -t

B{Sl:]{s::] =

— Jr31+s: {f:] (x)
512 issymmetricin (s,.5), then
Ja () = Joo () (x) = Jo2 (A ()

we obtain the semi-group property of [, which stands true
for any function f satisfying the existence of  J*(f)(x). (i.e
for any s £  with the condition Re(s) = 0).

IV. DEFINITION OF =-ORDER DERIVATIVE OPERATOR D*

FOR A COMPLEX NUMBER 5 WITH Rels) = 0

By considering the fact that the operator of one order
derivative D is aleft handside inverse [9] of the operator J*
and extending the relation (1.37, we may give the following
definition
Definition 2

For al function f fulfilling the condition f{x} = 0 for
x = 0 and for acomplex number s with positive real part, the

action of a s —order derivative operator I¢on f is defined by
therelation

D) x) = DER2() (x) (4.1)

A sufficient condition which determines the choice of & is
that j*==*(f1(x) iswell defined. According to the Theorem 1,
we haveto choose Re(k — =) = 0. Practically we choose
ke Mandk = Re(s). Forinstance k = [Re(s)]+ 1,
[Rels)]isthe entire part of Re(s), then

D () (x) — pEelelt prslaliet—s () (4) (4.2)
Theorem 4
We have the semi-group property
D3 D%=(F)(x) =D%*=(f)(x) = p=D%(f)(x)
for any =,and 5, with Kels,) = U and Hels,) = U
Proof

The proof may be easily derived from the semi-group
property of J* (theorem 3)

Example 4.1
Let usconsider f(x} = x2+®

According to the relation (2.4, we have

ISSN:2278-529

Jrk—.s{xr:ﬂb:] - Fa+1+ib) k—-s+a+ib
Mk—s+a+ib+1)
Ds{xcﬂb] — Dkfk—s{f:]{x:]
- DR[ Ia +1 +ib) Fc—s+r.'+[b]
[k —s+a+ib+1)
Tl:"n' + L + ';h"l Dn‘[xri—.9+|:+lﬂ]

“Tk-s+atib+1)

Ma +1+ k)
Ik slalib) 1)

Tk—s+a+ib+1)
Tk—s+a+ib+1-k)

k-z+a+ib-k

Fla+ 14+ ik ..
= —E-a+10 ‘]:'.3
Ms+tatbtD (+:3)
The result isindependent of k
Ifs=e+iff
DS{xch] - [la +1 + b a+ip —=

M—s+a+ib+1)

Cia +ib + 1)
" T(a+if+a+ib+1)

a—-x+i(b-5)

Fig + 1 +i8)

- _ O
M—n4e+1—ib+if)

Jeos((b - B)inx) + isin((6 — Byim)]  (4.4)

From the relation (4.3}, it can be easily shown that
ﬂ-?ip-?:{_r2+ii':] — psi+s:{x:+[b] — ﬂs:Ds“:xch:] {4.5)

Comparing the expressions (4.3 and (2.4}, we may write
the relations
Jir—s{xlzﬂ:i?j — DS{xl:H:E?] D —S{xc+[':'] — JirS{:EH:E:'] {+.ﬁ]
These relations suggest then the extension of the definition
of the operators J* and I* for any complex number =

V. DEFINITION OF -ORDER INTEGRAL OPERATOR
AND -ORDER DERIVATIVE OPERATOR
FOR ANY COMPLEX NUMBER

Theresults (4.6) suggest the following definition
o If Reis) =10

1 X
f(f:l{x:l=ﬁnf{x W5t FG) dy 5.1a)

1
- %[(1 — W flux)du

o IfRe(s) =0
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JR(F) (x) = DEJ&3(F) () (5.15)

T1 ¢ _
D* E!'ﬂr — y)REL flyl gy

and
DE(flx) = Jo () (x) (5.2)

The constant & in the relation {5.157 is to be chosen such
JE=(#3(x) is well defined. According to the Theorem 1; we
have to choose Re(k + s} = 0. Practically we choose k € M

and k = Re(—s). For instance one can
take k = [Re(—s)]+ 1, [Re(—s)] is the entire part
of Re{—s).
Re(s) =0

V. EXTENSION OF THE DEFINITION DOMAIN.

DEFINITION OF -ORDER INTEGRAL

OPERATOR AND -ORDER DERIVATIVE

OPERATOR FORA COMPLEX NUMBERWITH
For a given real number x,,, the definition of z-order integral may

be extended for more general function with the introduction of the

operator ;;?:‘ defined in the relation (6.1). The action of the operator

£ on afunction f is defined firstly for complex number = with
0

positive real part. Then, using the fact that the operator of one order
derivative, noted 0%, is the left hand side inverse of the operator j;?j,
an s-order derivative operator, noted ij is also defined for all
complex number = with positive real part. Finally, assuming the
relation j§, = I';z%, the definition of the s-order integral and s-order
derivative is extended for any complex number = with positive and
negative real parts.

Theorem 5

For a derivable and integrable function f defined on the
interval I =]xo 4], x, € E, theintegral JZ (£1(x) defined
by the relation

| 1f
B = [e-yireiay 6

is absolutely convergent for s € C with Rels} = 0.
Proof

Letustake s = @+ iff; Itisto benoted that x, =y = x SO
{x—v)* =0, then

‘{x—;JS : ‘
T(s) Fix)

x-

H = ron|er= [ I(x
I"'f,s] o= | rer

*p

using an integration by parts, we have for Re(s) =a = 0

|f{}]|i}

ISSN:2278-529

[ =yt
J‘W |F () [dy)

*p

1 _ i _
AT IR G IO = Lam (=T IF G

- [a=peiroiray

Jim G = 3)%1f )] = 0
}_Ei:r;z_(x - IFo)l = (x - %,)" lim, If )l

So
[ -yt @ —xp)°
JW"”}] ldy = alTs)| yons mIf ol
[ (x = yIe ,
+Jr eI |Fiv)'dy

For x € I =]xp.+e2[ and for @ = 0, we have

ipEyEx 20=2r—y=x=0=(x—y)* =z

(x—3)* _(x—x)°

=022l = ot
I{-r_}:]ﬂ' r r
Ir e fOlay = |1,( jI J‘|J+r{}j|.:;:L
I{x J‘-]I: { . »
j all(s)] foN'dy € ——=+ IDis]I [IfaJI {r.r;zu_lf{}._]|]

*p

— y)et x)"
” e f{”‘d} T nlf el

[ (x — ) r —xg ¥
el FOdy < i |f )| +
b = x0)® _

Thenfor e = Re'f,s] =0
— -t * e
J‘ ‘ 1"{:::1 f{}]‘ ay = J:Il"{:,:ll F&)l'dy

(x — xp)"

STl Jieal

The integral i (f)(x) is absolutely convergent for
o = Rels) = 0.
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Theorem 6
Let D* be the operator of one —order derivative
d
Dt= e
For any complex number = with Re(s) = 0, we have
D5, ) () =5 (A ) (5.2)
Proof

1 ‘ .
DI = nl[@x[ G~ fy)dy]

s—1) % .

1 * i
“I-1 f (x =¥y Flylay =jz (&)

From this theorem, it can be easily shown that

° the

operator D! isaleft hand sideinverse of the operator J2

® for
nkelMnzk

D) PG =5 (HE)
These results justify the introduction of the following
definition
Definition 4

Let /" be a derivable and integrable function defined on the
interval [ =]xp.+%2[. For a complex number s with
Rels) =0, we define an s-order integral of the function £,
noted J: , by the relation

1 X
2 [ £ - _ anE-1 . . &
ROW =gy c-nioey 69
According to the theorem 4, the integral JZ, (Fx) is well
defined.
Example 6.1

Let us take x, =0 and fix) = x¥ with p € C. From the
relation (2.4), we have

. 17
REG =5 | c-yr e

IEMp+ D Tp+1) (6.5)

TTE+p+DIGE TE+p+1)

Example 6.2
Let ustake xy — —w and flx) = . Then

1 r* i
o)~ gy |0ty

—==

ISSN:2278-529

For instance, for s = 1, we have

Ji(e®) = [ eVdy = o

—==

Using mathematical induction, it may be proven easily that
Jr.le¥) =e* foranyn e M
Definition 5

Let f be a derivable and integrable function defined on the
interval I =]xy.+22[. We may define an s-order derivative
operator D7 for a complex number s by using the fact that

the operator of one order derivative D* is a left hand side
inverse of the operator [

DE (F) (x) = DFJE(F) (x) (6.6)

A sufficient condition which determines the choice of k is
that JZ-2(f)(x) iswell defined. According to the relation
(5.2), we have to choose Relk — s} = 0. Practically, we
choose k € M and k = Re(s), forinstance k = [Re(s)] + 1,
inwhich [Re(s)1isthe entire part of [Re{=)].

Digu':f:] (x) = Dheisﬁi+1fheis):+1—s{f:]{x:] (6.7)

Let us study the example of f(x} = xPand x, =0,
According to (6.6), we have

[k —s)T(p + 1) x"=+F

-] _zl:] = -
o ) = M —s+p+ D Tk —5)
— r{p + 1:] xk—.s+r.l
Mh—s+p+1)
So
iy Tip +1) .
Dg{xp:] =Dt P - k-z+p
Tk—s+p+1)
_ Tip+1) —sep
[(-s+p+1)

VIl. CONCLUSIONS

According to the results that we have obtained, particularly
the relations (5.1a), (5.1b), (6.4) and (6.5), we may conclude
that the approach that we have considered allows the
extension of the definitions of s-order integrals and s-order
derivatives for the case of complex orders. Generaly
speaking, we obtain the same formal expressions as in the
case of = € K [4]. We have considered the case of functions
which fulfill more general condition (paragraph VI) too
Deep analysis of the above results can be done to obtain a
better understanding about the fundamental and physical
meaning of integrals and derivatives for the case of complex
order.

322



International Journal of Latest Research in Science and Technology.

REFERENCES

(1

[2

(3

(4

(9]
6]
(1
8l
[

S. Miller, Kenneth, “An introduction to the fractional calculus and the
fractional differential equations,” Bertram Ross (Editor). Publisher:
John Wiley and Sons 1% edition (1993) ISBN 0-471-58884-9

B.Oldham Keith and J. Spanier “The fractional calculus. Theory and
Application of differentiation and integration to arbitrary order,”
(Mathematics in Science and engineering). Publisher: Academic
Press, Nov 1974, ISBN 0-12-525550-0

Raoelina Andriambololona, Rakotoson Hanitriarivo, Tokiniaina
Ranaivoson, Roland Raboanary, “Two definitions of fractional
derivatives of power functions,” Institut National des Sciences et
Techniques Nucleaires (INSTN-Madagascar), 2012, arXiv:1204.1493

Raoelina Andriambololona,“Definition of real order integrals and
derivatives using operator approach,” preprint Institut National des
Sciences et Techniques Nucléaires, (INSTN-Madagascar), May 2012,
arXiv:1207.0409

E. Artin, “The gamma function,” Holt, Rinehart and Winston, New
York, 1964.

S.C. Krantz “The gamma and beta functions § 13.1 in handbook of
complex analysis,” Birkhauser, Boston, MA, 1999, pp.155-158.

E.T Whittaker and G.N. Watson, “A course of modern analysis,”
Cambridge University Press, Cambridge, 1965
R. Herrmann. Fractional calculus. “An introduction for physicists,”
World Scientific Publishing, Singapore, 2011.

Raoelina Andriambololona,  “Algebre linéaire et multilinéaire.
Applications,” 3 Tomes. Collection LIRA, INSTN Madagascar,
Antananarivo, Madagascar, 1986, Tome | pp 2-59.

ISSN:2278-529

323



