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Abstract- In 1978 Kishorimohan Ghosh and S. K. Chatterjea [1] have investigated fixed point theorem in metric space for two self
mapping. I n the present paper a fixed point theorem for sequence of self mapping in the complete metric space has been proved.
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. INTRODUCTION

In 1974 M. Sen Gupta [2] has proved that in a complete
metric space (M, d) if there exists two operators T, and T,
mapping M into itself and satisfying the relation.
d(Tx, ToX) <EEd (X, ToxX) +Bd(y, Ty) +vyd(Xy)

(1.1

Or

d (T1X(. Tiy) sd (y, Tax) + B d(x Ty) +vd(XY)
1.2

For X, y in M, where @, B, y are non-negative real numbers

and @ + B +y <1, then T; and T, have a unique common
fixed point.

In 1978 Kinshorimohan Ghosh and S. K. Chatterjea [1] have
investigated the following theorem.

Theorem : Let (x, d) be metric space. T, and T, be two self
mapping for which there exists  non-negative

5

real numbers % (i=1.2..5)and ) 0 <1such that
=1

d (Tox, Toy) <Bd (X, y) + ad (X, ToX) + Sad (y, Toy) + 5y
d(x, Toy) +
DCS d (yl Tl X)
Foral x,y e X.
For any x, € X, the sequence
Xl = T2 XO, XZ = T2 Xl .........
X2n = T2 (X2n_1) , X2n+1 = Tl (X2n) ..........
has a subsequence converging to u € x then T, and T, have a
unique common fixed point u. (1.3
In the present paper we have extended the above fixed point
theorem for sequence of mapping in complete metric space.
Theorem : Let (x, d) be complete metric space, T; and T; be
two sequences of self mapping for which there exists
non-negative real numbers. 5 (1=1,2...... 5)
5

withO<cq<land ). o <1suchthat

i=1
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d(Tix, Tjy) <0G d (X, y) +2d (X Tix) + 0d(y, Tjy) +
K4d(Xvij)+

0(5 d (yl Ti X)

Foral x,y e X

For any Xo € x the sequence X; = T; Xq, X2 = T2X3

............... in = Tz (X2n-l)

Xons1=Tq (in) ..... hasa

Subseguence converging to unique common fixed point u.
(1.9

Proof of (1.4) :

We will prove the above theorem by considering the
following three steps.

i) First wewill show that { X} isa Cauchy sequence.

ii) Existence of fixed point.

iii) Uniqueness of fixed point.

(i) Let X be any point of X and consider the sequence

X1 =T Xo, Xo= T2 Xq, X3 =Ty X

Xan =Ty Xon1, Xona = T1 X

Wehaveforx,y € X

d(Tix, Tjy) <t d(x,y) +0od X T x) +d(y, Tjy) +
oG d(x, Tjy) +

o d (y, Tix) (A)

By interchanging x with y and T; with T; we get

d(Tyy, Tix) <o d(y, x) + 0d (y, Tjy) + 0Gd (x, Ti X) +
D(4 d (y! Ti X) +

osd (x, Tjy) (B)

Now adding (A) and (B) we have

d(Tix, Tpy) +d(Ty, Tix)<ecd (X, y) + % d(y, X) + 0d
(X’ Ti X) + D(2d (yl Tj y)

+0Gd(Y, Tjy) + 0d (X Tix) + 04 d (X, Tyy) + X, d(y, T;
X) +

+ U“Sd (y! Ti X) + LKSd (X! Tj y)

Now by symmetric property we have

d(x,y)=d(y,x)
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s2d(Tix, Tjy) <266d (X, y) + (B + 85) d (X, Ty x) + (5 +
o) d(y, Tjy) +

(994+0%) d (X, Tjy) + (%5 + 95,) d (Y, Ti X)

2d (Tix, Tyy) <204.d (X, y) + (0 + 0%) {d (X, Tix) +d (v, T

Y)} + (T4 + Cs)
{d(x, Tjy) +d(y, Ti x)}

| (T, X, Tj y) SD(ld (X, y) + (

0+ (25

{d(x, Tjy) +d(y, Tix)}
Put x = Xo and y = x; we have

d (Tixo, TjXy) < 41.d (Xo, X1) + (

) + ()

d{Xo, Tj Xa} + d{Xa, T; Xo}
Now since T; X, = X; and T X; = X, we have

0 (k1,2 < 03 0t %) + {22225 ) {l (0, %) + (k1 )

oyt oy
(et

N ) {d (o, X2) +d (X1, X1)}

Now sirﬁce d (X1, X1) =0and d (Xo, X2) <d (Xo, X1) + d (X1, X2)
We have

d (X1, X2) < 96 d (Xo, X1) + (

()
2

{d (X0, X2) +d (X1, X2)}

ncz+ :xE_
P
&

YT+ dw, T,

)4 (0 Ty +

ncz+ IXE
P
&

ot Oig

) {d (Xo, X1) +d (Xg X2)} +

2d (X1, Xp) — (G + Cig) d (Xg, Xp) - (G4 + C5) d (Xq, Xp) <
204 d (Xo, X1) + (2, + ©43) d (Xo, X1) + (¥4 + ©5) d (Xo, X1)

s 2- (Dc2 + Cip+ O+ 0(5) d (le Xz) 5(20(1 + 00+ g+ O+
05) d (Xos X1)

200 3 + Kp+ g+ 0y + 05

d (Xl,Xz) < d (Xo, Xl)

2—{ o+ 00g + 0, + 005

oo d (X,%) <1 d (Xo, X1)
2004+ O+ O+ g+ X
Wherer = =22 =

I-{ o+ g+ 0y + 05
Similarly we can show that
d (X2, X3) < 1d (X2, X1)
< r.rd(Xo,Xl)
ood (X2,X3) < r2 d (Xo, Xl)

By induction we can prove that

d (Xns Xne1) <17 d (XosXq)

Hence

d (Xn, Xnap) < d (Xn, Xne2) + d (Xnea, Xne2) + ..

..... +d (Xntp-1, Xnep)

o d (X X)) ST + 1™ d (Xo, Xy1)

F o (1-r n+p—:l~.|
[l —'J"-:I d (XO! Xl)

—0 asn—o gncer<1

and owning to the assumption X &< 1

2o d (X, Xnep) <

ISSN:2278-5299

2o d (X, Xnap) — 0 asn— o
So we have {x,} is a Cauchy sequence since subsequence
{Xny} of this sequence {X,} convergestou
lim X =
n=ueX
n ¥ ol
ii) Now we will prove that u isfixed point of T; and T; i.e. we

will prove that
Tiu=u, Tju=u
Now first Consider
d (Tiu, u) <d (T; u, Xan) +d (Xon. U)
=d (Ti U, TjXana) +d (Xan, U)
d (Tiu, U) < & d (U, Xzn1) + 05d (U, Tiu) +
243 (Xana, Xan) + %4d (U, Xzn) +
o5 d (Xana, Titl) +d (Xan, U)
Asn— oo we have
d(Tiu u)< (%% +25)d(u Tiu)

lim

b =uandd(u u)=0

n —+ ol

- d(Tiu, u) <(9% + 0%) d (T u, u)
S d(Tiuu) - (05 +05)d(Tiu,u) <0
{1- (% + %)} d (Tiu, u) <0
Whichispossibleif d (T, u,u) =0
Since1— (0%, + 0%) = 0
Similarly we can provethat T;u=u
= T; and T; have common fixed point u
iii) Now consider the uniqueness of fixed point u. If possible
let there be another
fixed point v of Ti and T,
S~ Tiv=vandTjv=v
Thend (u,v) =d(Tiu, T; v)
sod(uyv) 80d (U, v) + 85d (U, T u) + ©d (v, Tjv) + 84, d
(U, TJ V) + D<5 d (Vv Ti U)
Sduv) <X d(uv)+ % d (U, u) + Ed (v, v) + E,d(u,
V) + %5 d (U, V)
sod(uv) -0 d(u v) - od(uv) - %5d (U, v) <0
SLduv)=0=d(v,Vv)
and d (u, v) =d (v, u)
=[1- (% + &+ )] d(y,v) <0
Whichispossibleif d (u, v) =0
Since{1— (o, + o, + )} 20
~d(uv)=0
=V=u
Hence T; and T; have unigque common fixed point u.
Hence the theorem
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