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Abstract- The purpose of this paper is to study fuzzy Mealy machines and their (output) subsystems. Apart from usual properties
of subsystems of a fuzzy Mealy machine, we characterize them using a class of of fuzzy sets for fixed strings of input and output. Also a
class of subsystems of a given fuzzy Mealy machines is obtained with the help of fuzzy points. Cyclic and super cyclic subsystems are also
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I. PRELIMINARIES

In recent studies on fuzzy automaton, various extensions
such as,general fuzzy automaton [5, 18], Intutionistic fuzzy
automaton [4], Bipolar fuzzy automaton [9], fuzzy pushdown
automaton [16, 4] etc are successfully studied. Apart from
these extensions various properties of fuzzy finite state
machines are extended to these extensions [1, 3, 7, 8, 10, 11,
12, 15]. In [10] subsystem of fuzzy finite state machine is
introduced and various issues relating to them are discussed.
Since many concepts of fuzzy finite state machine are
introduced for fuzzy Mealy machine [2, 8, 15, 17]. It is
natural to think about the extension for fuzzy Mealy machine.
In [1] fuzzy Mealy and Moore machines are introduced and
discussed comparatively. Recall that X~ denote the set of all
string of finite length over X, A denotes the empty string and
|X| denotes the length of x. This section contains notions in
Mealy-type fuzzy finite state machines that are introduced by
Liu et al. [14] and Malik et al. [13]. We have also introduced
homomorphisms of fuzzy Mealy machines. Few new results
on coverings and homomorphisms of Mealy-type fuzzy finite
state machines are also reported.

Definition 1.1 [13, 14] A fuzzy Mealy machine is a quintuple
M = (Q,X,Y,8,0), where Q is a finite non-empty set called
the set of states, X is a finite non-empty set called the set of

inputs, Y is a finite non-empty set called the set of outputs,
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Sis a fuzzy subset of QxXxQ called the transition

function, o is afuzzy subset of QxXxY called the output
function and following condition is satisfied:
(vaeQ).(vaeX),(FpeQ,5(q,a,p) >0) = ((@beY),o(q,
a,b) > 0).

Definition 1.2 [13, 14] Let M =(Q,X,Y,d,0), be a fuzzy

Mealy machine. Then

(i) define 6 :QxX xQ—[0,1] as: Vq,peQ,VaeX,

vxe X"
1 ifg=p

5*(q,/1,p)={0 ifqp

5" (g, xa,p) = \{?{5*(q, x,r) Ad(r,a,p)} and

(i)define o :QxX'xY —[01] as
vxeX',vbeY,vyeY and

VqeQ,VaeX,

“@xy)= 1 ifx=y=41
XY=, if(x=A,y=A)or(y=4,x#A1)

o (9,xa,yb) = \g{a*(q, X,Y) A8 (0, X, 1) Ao(r,a,b)}

=0 (,X,Y) A \/Q{5*(q, X,r)Ac(r,a,b)}

Definition 1.3 [13, 14] Let M=(Q,X,Y,0,0),be a fuzzy
Mealy machine. Then Vg, p € Q,Vx,u e X

5*(q,XU,p) = \é{&*(qvxvr) /\5*(r,u,p)}

Definition 1.4 [13] Let M =(Q,X,Y,d,0), be a fuzzy Mealy
machine, if | x |#| y |, then &"(g,%,y) =0,Vq e Q,vx e X',
vyeY' .

132


mailto:sam5631@rediffmail.com

International Journal of Latest Research in Science and Technology

2. FUZZY MEALY MACHINES AND
HOMOMORPHISMS

In this section, we introduce and discuss various properties of fuzzy
Mealy machine.

Definition 2.1Let M = (Q, X, Y, d, o) be a fuzzy Mealy machine.
Let g,p € Q. Then p is called an immediate successor of g, if
3 a € X and b € Y such that §(¢,a,p) A o(g,a,b) > 0 and
p is called successor of ¢, if 3 = € X* and y € Y™ such that
(g, z,p) No*(q, z,y) > 0.

Let M = (@, X,Y,d,0) be a fuzzy Mealy machine and ¢ € Q.
We shall denote S(q) the set of all successor of ¢. If T C @, then
set of all successor of 7', denoted by S(T'), is defined by the set
S(T)=U{S() g €T}

Theorem 2.2 Let M = (Q, X, Y, , o)be a fuzzy Mealy machine.
Define a relation ~ on Q as p ~ ¢ if and only if q is successor of p.
Then ~ is reflexive and transitive.

Clearly ~ is not symmetric.

Theorem 2.3 Let M = (Q, X, Y, d, o)be a fuzzy Mealy machine.
Let A, BCQ

(1) if A C B then S(A) C S(B)
(2) ACS(A)

(3) S(5(A4)) =5(4)

4) S(AUB) = S(A)US(B)
(5) S(ANB)C S(A)NS(B)

Proof The proofs of (1), (2), (4) and (5) are straightforward.

(3) By (2) we have S(A) C S(S(A)).Letq € S(S(A)). Thengq €
S(p), for some p € S(A). Thus p € S(r), for some r € A. Now,
q is successor of p and p is successor of r, hence by Theorem (2.2),
q is successor of 7. Thus ¢ € S(r) C S(A). Hence, S(S(A4)) C
S(A).

Definition 2.4 Let M = (Q, X, Y, §, o) be a fuzzy Mealy machine.
Let T C Q. Let ¢ and ¢’ be fuzzy subset of @ x X X @ and
Q x X x Y respectively and let N = (T, X, Y, ,0'). Then N is
called a submachine of M, if (1) &' = 0|7« xx7 and o/ = |y
and 2) S(T") C T.

Clearly, if K is a submachine of N and N is a submachine of M,
then K is a submachine of M.

Definition 2.5 Let M = (Q, X,Y, 8, ) be a fuzzy Mealy machine.
Then M is called strongly connected, if p € S(q), ¥V p,q € Q.
Definition 2.6 Let M; = (Q1,X1,Y1,01,01) and My =
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(Q2, X2,Ys, 02, 02) be a fuzzy Mealy Machines. A triplet (f, g, h)
of mappings, f : Q1 — Q2,9 : X1 — Xy and h :
Y:s — Y, is called fuzzy Mealy machine homomorphism
from M; to M,, denoted by (f,g,h) : My — M, if (i)
0i(qr,z1,p1) < S2(f(q), 9(@1), f(p1)) (D) o7(qr,z1,91) <
o5(f(q1), 9(x1),h(y1)), VY g1, p1 € Q1,21 € Xfandy, €
Yy, Fuzzy Mealy machine homomorphism (f,g,h) is called
strong homomorphism, if §>(f(q), g(x), f(p)) = 01(q, z,p) and
o3(f(a),9(z), h(y)) = o1(¢,2,y), Vp,g€ @i,z € Xj,y€
Yr.

Remark 2.7In above definition (2.6), if X; = X5, Y7 = Y5 and
g, h are identity maps, then we simply write f : M; — M5 and
say that f is a homomorphism or strong homomorphism accord-
ingly.

Theorem 2.8 Let (f,g,h) : M; — M be a fuzzy Mealy ma-

chine homomorphism. Then

(1) if pis a successor of g in M7, then f(p) is a successor of f(q)
in MQ.

2 S(f(q)) = f(S(q)), YqeQ,if (f,g,h)is strong.

Proof The proof of (1) is straightforward.

() f(p) € f(S(q)) & p € S(q) & di(q,z,p) Noi(g,z,y) >0
< 01(q,x,p) > 0and 3 (g, 2,y) > 0« d5(f(q), 9(z), f(p)) >
0 and 03(f(q),9(z),h(y)) > 0 < & (f(q),9(=), f(p)) A

o3(f(a), 9(z), h(y)) > 0 f(p) € S(f(q))-

Theorem 29Let M; = (Q1,X:,Y1,01,01) and My =
(Q2, X32,Ys, 02, 02) be a fuzzy Mealy Machines and let (f, g, h) :
M, — M be onto homomorphism. If M is strongly connected,
then M, is strongly connected.
Proof Let ¢2,¢5 € Q2. Then 3  ¢1,¢) € Q1 such that
f(q1) = g2 and f(¢}) = qb. Since M, is strongly connected,
we have g1 € S(¢}). Then f(q1) € f(S(¢}))- By Theorem ?2(2)
f(q1) € S(f(q})), thatis g € S(g5). Hence, My is strongly con-

nected.

3. FUZZY SUBSYSTEMS OF FUZZY MEALY
MACHINES

In this section the concept of fuzzy subsystem of fuzzy Mealy ma-
chine is introduced. Its characterization will be discussed through
a fuzzy set defined for fixed strings of input and output. For a fixed
state and an element of [0,1] a particular class of fuzzy subsystems

will be obtained. Towards the end of the section notions of cyclic
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and super cyclic fuzzy subsystems will be discussed.

Definition 3.1 Let M = (Q, X,Y,d,0) be a Fuzzy Mealy Ma-
chines. Let p be a fuzzy subset of Q. Then p is called a fuzzy
subsystem of M, if u(q) > u(p) ANd(p,a,q) Ao(p,a,b), Vq,p€
Q,aceXandbeyY.

If (Q, X,Y, 9,0, 1) is a fuzzy subsystem of M, then we shall write
ufor (Q, X,Y,d,0,u).
Theorem 3.2 Let M = (Q,X,Y,d,0) be a fuzzy Mealy ma-
chine. Then p is a fuzzy subsystem of M if and only if p(q) >
u(p) N 6*(pw,q) A

Proof Suppose p is a fuzzy subsystem of M. Let ¢,p € Q,x €

o*(p,z,y), Vg,peQ,z e X*,y Y™

X" and y € Y*. We prove the theorem by mathematical induction
on [o] = y| = .

If n =0, thenz = y = A\. Now if ¢ = p, then u(p) A5* (g, A, ¢) A
o*(q, A, A) = p(q). I ¢ # p. then pu(p) A6 (p, A, @) Ao (p, A, A) =
0 < pu(q). Thus, the theorem is true for n = 0.

Assume that the theorem is true for all w € X* and v € Y* such
that |u] 1,n > 1.Letx = au and y = bv where
a€ X,beY and Ju| =
Then p(p) A 6% (p,x,q) A o(q,2,y) = p(p) A & (p,au,q) A
p(p) A {TyQ[5(p, a,r) A" (r,u, @)] N6 (p, a, ) A
o(r,a,b) Ao’ (r,u,v)]} = p(p) A {TyQ[5(p7 a,r) A 6" (r,u, )] A
[0"(p,a,b) N o™ (r,u,v)]} = {T\E/Q[u(p)/@(p, a, 7)o" (p, a, b)| A
rl/Q{M(T) A 6 (ru,q) A
o'(r,u,v)} < ulq). Hence, p(q) > plp) A & (p,z,q) A

o*(p, z,y). The converse is trivial.

= ol =n -

lv|=n—1.

o* (g, au, bv) =

[0*(ry, u,q) A o*(r,u, v)]} <

The following theorem gives a class of constant fuzzy subsystems
for M.

Theorem 3.3 Every constant fuzzy set 1 on () determines a fuzzy
subsystem of M.

Proof Suppose p is constant fuzzy set of ). Then for any p, g € Q,
we have u(p) = u(q). Then for any a € X and b € Y, clearly
ula) = p(p) =
fuzzy subsystem of M.
Theorem 3.4 Let M =

u(p) A d(q,a,p) A o(q,a,b). Therefore, p is a

(Q,X,Y,d,0) be a fuzzy Mealy machine.
Let 1 and po be fuzzy subsystems of M. Then

(1) p1 N po is a fuzzy subsystem of M and

(2) p1 U po is a fuzzy subsystem of M.

Proof Since p; and po are fuzzy subsystem of M, for p,q €
Q,x € X*,y € Y* we have p1(q) > pi(p) A 6*(p,z,q) A

o*(p,x,y) and p2(q) > pa(p) A 6*(p, 2, q) A o*(p, =, y)
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1. Therefore, (p1 N p2)(q) = p1(q) A pz(a) = (1 (p) A pz(p)) A
0*(p,z,q) N o*(p, z,y). Hence, (1 N p2) is a fuzzy subsystem.
2. Therefore, (p1 U p12)(q) = p1(q) V p2(q) > (1 (p) V p2(p)) A
0*(p,z,q) N o*(p, z,y). Hence, (1 U p2) is a fuzzy subsystem.
The following example show that the complement of a fuzzy
subsystem is not always a fuzzy subsystem.

Example 3.5 Let Q = {p,q}, X = {a},Y = {b},6(r,a,s) =
% VY ors € Q,o(r,ab) = % V r € Q. Let u(q) = %
and pu(p) = 3. Then pu(q) > p(p) A 6(p,a,q) A o(p,a,b) and
u(p) > pu(q)Ad(g,a,p)No(q,a,b). Then, u is a fuzzy subsystem,
but ¢ =1 — p is not.

Theorem 3.6 Let M, = (Q1,X41,Y1,01,01) and
My = (Q2,X2,Y2,05,02) be fuzzy Mealy machines. Let
(f,g,h) : My — M, be onto strong homomorphism. If y is a
fuzzy subsystem of M7, then f(u) is a fuzzy subsystem of Ms.

Proof Let ps,qo € Q2 and zo € X5,y2 € Y. Since f

is onto, there exist p1,q;1 € @ be such that f(p;) = pa
and f(q1) = ¢qo. Also, g and h are onto, therefore there
exists z; € X7 and y; € Y such that g(z1) = x2 and

h(y1) = ya2. Suppose also that there is 71 € @ be such that
f(r1) = p2. Then, 6] (p1,21,q1) = 65(f(P1), 9(z1), f(@1)) =
05(f(r1), g(x1), far)) = 61 (r1, @1, qu).
oi(p1,z1,91) = o5 (r1, 21, y1).-

Now, f (1) (p2) A 05(p2, 2, G2) A 05(P2, T2, Y2)

= V{u(r)|f(r1) = p2} A 65(p2, 22, 2) A 05(p2, T2, Y2)

= V{u(ri) A 65(p2, 22, g2) A 03(p2, 22, y2)[f(r1) = p2}

= Viw(ry) A 65(f(p1), g(z0), flar)) A

Similarly

o3(f(p1), 9(x1), h(y2))|f (r1) = p2}
= V{u(r1) A6 (p1, 21, q1) Aoi(pr, zi,y1)[f(r1) = pa}
= V{u(r) Aoi(re, @1, q1) Aoi(re, @, 1) f(r1) = pa}
< V{w(q1)|f(r1) = p2)}, since p is fuzzy subsystem of M;
< V() (a2)1f(r1) = p2)}-
= f(1)(q2).

Therefore, f(u) is a fuzzy subsystem of My

The following example show that the ontoness is necessary for the
above theorem

Example 3.7 Let Q1 = {p,¢},Q: = {rsh X =
{a},Y = {b},d1(q,0,9) = &i(pa,p) = bi(pa,q) =
01(q,a,p) = 1,01(t,a,b) = % vV t € @. and
62(r,a,s) = §,02(s,a,7) = £,02(r,a,7) = 1 = 6a(s,a,5) =
1,02(r,a,b) = %702(37(1717) = 1 Let f : Q1 — Q3 de-
fined by f(q) = f(p) = r. Then f is not onto. Clearly, f is
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strong homomorphism. Let u; be a fuzzy subset of ; such that
p1(p) = %,p1(q) = 2. Then py is fuzzy subsystem of M, but
f () is not a fuzzy subsystem of M.

Theorem 3.8 Let (f,g,h) : M; — M> be a strong homomor-
phism. If p is the fuzzy subsystem of My. Then f~1(u) is a fuzzy
subsystem of Mj.

Proof Let M, = (Q1,X1,Y1,01,01) and M, =
(Q2,X5,Y5,05,00) be fuzzy Mealy
P1,q1 € @1 and x; € Xi,yun € Y{. Then
f1) fla) € Qa9(xz1) € X5 h(y1) € Y3 Now
since p is fuzzy subsystem of M, we have, u(f(p1)) >

p(f(q)) A 62(f(qr), g(z1), f(p1)) A o2(f(q1), g(x1), h(y1))-
Thus, p(f(p1)) > p(f(qu)) Ad(qu, x1,p1) Ao1(qr, @1, y1). That

is, U (1) = fHw) (@) A d(gr, z,p1) A ou(gr, 21, 51).
Therefore, f~1(u) is a fuzzy subsystem of M.
Theorem 3.9 Let M = (Q, X,Y, d,0) be a fuzzy Mealy machine

machines. Let

and p be a fuzzy set of Q). Then

(1) if w is fuzzy subsystem of M, then N =
(Supp(p), X,Y,d,0') is a submachine of M, where
6" = 0l Supp(u)x X x Supp(p) AN 0" = 0| supp(u)xy -

(2) if Ny = (4, X, Y, 84, 04) is a submachine of M, where,

e = {q € Qlu(g) = t}h & = Oluxxxp,, and oy =
Ol xy, t€]0,1], then p is a fuzzy subsystem of M.

Proof 1. Let p € S(Supp(u)). Then p € S(q), for some ¢ €
Supp(u). Then u(qg) > 0. Sincep € S(g), I = € X*,y € Y*
such that *(¢q,z,p) A 0*(¢,z,y) > 0. p is fuzzy subsystem,
we have p(p) > wu(q) A 6*(q,z,p) A 0*(q,z,y) > 0 Thus,
p € Supp(p). Therefore S(Supp(p)) C Supp(p). Hence, N is a
submachine of M.
2.Letg,pe Q,x € X,y e Y*. If u(p) =0o0rd*(¢,xz,p) =0or
o*(q,x,y) = O then u(q) > 0 = u(p) A d*(p,,q) N o*(p, z,y).
Suppose, u(p) > 0, 6*(p,z,q) > 0,0 (p,z,y) > 0 and let
w(p) A 6*(p,x,q) A o*(p,z,y) = t. Then p € p. Since Ny is
submachine of M, we have S(u;) = p:. Now, ¢ € S(p) and
S(p) C S(ut) asp € py. As S(p) = pe, we have ¢ € piy.
Hence, pu(q) > t = u(p) A 6*(p,z,q) A o*(p,x,y). Thus, p is
fuzzy subsystem.
The following example show that a fuzzy subsystem of M need not
be a submachine of M
Example 3.10 Let Q, X,Y,d,0 be defined in Example ??. Let
4

p(q) = % and p(p) = L. Then p is a fuzzy subsystem. Let
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t = 2. Let Ny = (u,X,Y,8;,00). Now pu(q) > t. Thus,
q € . Also 6(g,a,p) = 3 > O0and o(q,a,b) = 5 > 0. Thus,
d(q,a,p) A o(q,a,b) > 0. Therefore, p € S(q). Thus p € S(us).
But u(p) = & < t. Thus, p & ;. Hence, N, is not a submachine
of M.

We now define a fuzzy subset p of ) to characterize it as a fuzzy
subsystem for fixed input and output strings as follows:

Let M = (Q,X,Y,d,0) be a fuzzy Mealy machine and p be a
fuzzy subset of Q. For z € X*,y € Y* define a fuzzy subset (uzy)
of @ by (uxy)(q) = \E/Q{u(p) N6*(p,z,q) No™(p,z,y)}, Vg €
Q. ’

Theorem 3.11Let M = (Q, X,Y, §, o) be a fuzzy Mealy machine
and let 1 be a fuzzy subset of Q). Then p is a fuzzy subsystem of
M ifandonlyif pxy Cpu, Vaee X*,ye Y™

Proof Let  be a fuzzy subsystem of M. Letz € X*,y € Y* q €
Q- Then (uzy)(q) = VQ{u(p)/W(pﬁv,q)/\U*(p, z,y)} < p(q).
Hence, pu(zy) C p. "

Conversely, let g € Q and z € X*,y € Y*. Then

mlq) = (pry)(q) = p\E/Q{u(p) A& (p,w,q) Aot (p,a,y)} >

w(p) Ao (p,z,q) N o*(p,z,y), V p € Q.Hence, y is a fuzzy
subsystem of M.

Theorem 3.12 Let M = (Q,X,Y,d,0) be a fuzzy
Mealy machine. Then for all fuzzy subset p of @,
(pxy)uwv = (pru)yv, Yu,xz € X* v,y € Y*

Proof Let ;v be a fuzzy finite subset of @@ and let z,u € X*
and y,v € Y*. We use induction on |u| = |v| = n to prove the
theorem.

case(i) If n = 0, thenw = v = A. Let ¢ € Q. Then

(nzy)AX(q) = ZD\E/Q{(wcy)(p) N6 A ) Aot(p, AN} =

(nzy)(q). Hence, pzyAX = (pzy) = (pzA)yA.

case(ii) Suppose, that the theorem is true for all u € X*,v € Y*
such that |u| = |[v| = n—1,n > 1 and forall u. Letvw' = au € X*
where a € X,u' € X*andv' = bv € Y* where b € Y,v € Y*
and |u| = |v]| =n — 1. Let ¢ € Q. Then,

(neu)yv'(q) = (pxau)ybu(q) = (uw(za)u)(yb)v(q) =

l/Q{(;mayb)(r) A 6 (ryu,q) A ot(ryu,v) ) =
yQ{ \E/Q{(uwy)(p) A d(p,a,r) A o*(p,a,b)} A6*(r,u,q) A

o (r,u,v)} =V {(uzy)(p) A \E/Q{é(p, a,r) A 6*(ru, q)} A

€Q

(0" (9. a,b) A {8(p,asr) A 0" (rous )1}
= \G/Q{(uwy)(p) A8 (p,au,q) A of(p,au,bu) =
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\G/Q{(u(wy))(p) A& (p,u',q) Aot (p, s v') = (pay)u'v'(q).
IIiIence, (pzu)yv' = (nzy)u'v'.

Our aim is now to use the characterization Theorem (3.11) to find
a particular class of fuzzy subsystems of M, we begin with classes
of fuzzy sets

Definition 3.13 Let M = (Q,X,Y,d,0) be a fuzzy Mealy
machine and p be a fuzzy subset of ). Define fuzzy subsets uXY
and pX*Y™ of Q) by
WXY)p) =V

acX,beY,reQ

{u(r)AS(r,a,p)Ao(r,a,b)} VpeQ
and
(nX*Y*)(p) =

ueX* veY*,reQ

o*(ryu,v),} VpeQ.
Note that

{u(r) A & (ryu,p) A

(1) (pXY) C (uX"Y™)
(2) (pXY)=0and (pX*Y™*) = 0if there exists r € @Q such that
u(r) =0, and

3) (uzy) C (uX*Y*) V z € X*,ye Y™

Theorem 3.14 Let M = (Q, X, Y, 4, o) be a fuzzy Mealy machine

te[0,1]and ¢ € Q. Then (¢: XY )(p) = va Y{t/\é(q, a,p) A
aeX,be

o(ga,b)}, ¥V p e Qand (¢XY)(p) = V {tA

uEX*,veY™

(g, u,p) No*(q,u,v)} Vp € Q.

One can note that for arbitrary fuzzy subset of @, pX*Y* is not

necessarily a fuzzy subsystem of M, but for i = ¢; for any ¢ € Q

and t € (0,1], (¢: X*Y™) is a fuzzy subsystem of M. Thus we have

following theorem

Theorem 3.15 Let M = (Q, X,Y,0,0) be a fuzzy Mealy ma-

chine. Let ¢ € (0,1] and ¢ € Q. Then the following hold

(1) ¢ XY™ is a fuzzy subsystem of M
(2) Supp(¢:X*Y*) = S(q)

Proof 1. Let x € X* and y € Y*. Then for any r € (), we have

(X Y*)(zy))(r) = \E/Q{(th*Y*)(p) A O (px,r) A
o*(p,z,y)} =

= VQ{ X}/ Y*{t A 0*(q,u,p) A o*(q,u,v)} A 0*(p,x,7) A
a*(p,z,y)}

= 0 \)/(* w{t A 6 (q,u,p) A o*(q,u,v) A 8 (p,x,r) A
a*(p,z,y)}

= V {t A{0"(q,u,p) A 0" (p,z,m)} A {o"(q,u,v) A

peQ,ueX*,vey*
{0°(¢q;u,p) Ao (p,z,y) }}
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=V

ueX*,veyY*
<V
weX* ey
< (@ X*Y™)(r).
Thus, ((¢: X*Y™*)(zy)) C (¢: X*Y™). Hence, (¢ X*Y™*) is a fuzzy
subsystem of M, by Theorem(3.11).
2.p € S(q & Fzx e X,y € Y* such that 6*(q,z,p) A
o(gzy >0 V  {tAd(qzp) Ao'(gz,y)} >
rzeX* yeY*

0 (¢ X*Y*)(p) >0 & p e Supp(q.X*Y™).
Theorem 3.16 Let M = (Q, X,Y,d,0) be a fuzzy Mealy ma-

{t N6*(q,uz,7) N o*(q, ux,vy)}

{t Ao (q, ', m) No* (g, 0)}

chine. Let u be a fuzzy subset of @ and ¢ € Q. Then the following

are equivalent

(1) pis afuzzy subsystem of M
2) ¢X*Y* Cpu, Vtel0,1] suchthatt < u(q)
B3) XY Cpu, Vg Cpu, Viel0,1]suchthatt < p(q)

Proof 1. = 2. Let ¢ € Q,t € [0, 1] such that ¢ < u(q). Then for
p € @, we have
(@XY)p) = V At A&(gup) Ao'(gu,v)} <
ueX*,vey*

ueX*\,/veY*{M(q) A 6%(q,u,p) A o*(g,u,v)} < p(p), since pu is
fuzzy subsystem. Hence, ¢; XY™ C p.

2.=>3.Clear,due to ¢; XY C q: X*Y™.

.= l.letp,ge Qanda € X,b€ Y. If u(q) = 0or d(q,a,p) =
0oro(g,a,b) = 0then u(p) > 0 = u(p) Ad(q,a,p) Ao(g,a,b).
Suppose u(q) # 0andd(q,a,p) # O0ando(q,a,b) # 0. Let
u(q) = t. Thus, by the hypothesis, ¢; XY C u. Then u(p) >

(@XY)p)= V {tAd(q,u,p)Aco(q,a,v)} > tAS(q,a,p)A

ueX,veY

o(g,a,b) = pu(q)AN6*(g,a,p) Ao (g, a,b). Hence, u is a fuzzy sub-
system of M.

Corollary 3.17 Let M = (Q,X,Y,4,0) be a fuzzy Mealy ma-
chine and p be a fuzzy subsystem of M. Then for any ¢ € Q, we

have

(1) 122 qug XY and
@ 12 Gug XY™

Definition 3.18 Let M = (Q, X,Y,,0) be a fuzzy Mealy ma-
chine and p be a fuzzy subsystem of M. Then p is called cyclic if
3 geQ,te (0,1] witht < pu(q) such that p < ¢, X*Y™. In this
case we call ¢; a generator of p.

The Theorem (3.16) enable to characterize cyclic fuzzy subsystems
as:

Theorem 3.19 Let M = (Q,X,Y,d,0) be a fuzzy Mealy ma-
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chine. and p be a fuzzy subsystem of M. Then p is cyclic if and
only if 3 ¢ € Qandt € (0, 1] such that u = ¢; X*Y™*, whenever
t < pu(q).

Theorem 3.20 Let M = (Q, X,Y,d,0) be a fuzzy Mealy ma-
chine. Suppose the fuzzy subsystem p of M is cyclic with genera-
tor q;, ¢ € Q@ and ¢t € (0, 1]. Then

() plq) =t,
() pu(q) > plp), Vpe@

(3) for any fuzzy subsystem u' of M such that u' C p, if 4'(q)
W (r), VreQ,wehave i/ = qugX*Y*.

%

Proof 1. Since p = @X*Y*, we have pu(q)
(@ X*Y")(q) = \

{t A 6" (q,z,9) N o*(g,2,9)}

rxeX*,yeY*

tAn( V{0 (g, z,9) No*(q,z,y)}) =t A1 =t
reX*,yeY*

2. Let p € Q. Since p = ¢X*'Y*, we have u(p) =

(@ X*Y*)(p) = V  {t A& (gz,p) A ot(gz,y)}
rzeX* yeY*

= V. Awle) ~ 0 (qzp) A

reX*,yeY*
w@nC Vo {3 (g2,p) No(g,2,9)}) < plq)

zeX*,yeY*

3. Let p € Q. Since i/ C p we have p/(p) < p(p). Then
w(p) = w(p) A pp). Also since p = XY pu(p) =
(@XY*)(P) = Viexsyey+{t A 6°(q,2,0) AN o*(q,2,y)} =
VzeX,er{M(q) A 6(gp) AN o'(gT )}
wp) = W) A pp) Viexsyey+ () A pla) A
0" (q,,p) No*(q,m,y) } =
\/IGX*’yQY* {.u'l(p) /\ 6*(Q7x7p)
W) < 1@ < @) < Vioexs yeys (@) A6 (g,2,p) A
o' (¢, 2,y)} = (qu (X" Y")(p). Hence 1/ C q,(q) XY™ Thus,
i = qu X Y™, by above corollary.
Definition 3.21 Let M = (Q,X,Y,d,0) be a fuzzy Mealy

(g z,y)} =

Hence,

A o*(¢,z,y)}, since

machine and p a fuzzy subsystem of M. Then u is called super
cyclic, if g, (q) is its generator V q € Q.

Theorem 3.22 Let M = (Q, X, Y, 0, ) be a fuzzy Mealy machine
and p a fuzzy subsystem of M. Then p is called super cyclic if and
only if 4 = ¢y X*Y™*, VqeQ.

Theorem 3.23 If 1 is super cyclic, then y is constant.

Proof Since p is super cyclic, for any p € @ we have
B = DupmX Y*. Also, we have u(p) > p(r), ¥V r € Q.
This implies that u(p) = w(r), V p,r € Q. Therefore, u is
constant.

Corollary 3.24 Every super cyclic fuzzy subsystem of a fuzzy

Mealy machine M is cyclic.
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The following example show that a constant fuzzy subsystem p of
M need not be (super) cyclic fuzzy subsystem.

Example 3.25 Let Q@ = {p,q},X = {a},Y
{b},0(¢,a,9) = 6(p,a,p) = 3,6(p,a,q9) = 6(q,a,p)
to(ryab) =1 V r e Q. Let u(g) = plp) = 3.
Then u(q) = w(p) A 0(p,a,q) A o(p,a,b) and p(p) =
u(q) A d(q,a,p) A o(q,a,b). Hence, i is a fuzzy subsystem and

1 1s constant. Now,

(XY)p) = V

zeX,yeY
2 = pu(p). Therefore, p is not cyclic.

Theorem 3.26 Let M = (Q, X, Y, 4, o) be a fuzzy Mealy machine

=

{L A (g, 2,p) No*(q,2,9)} = 5 <

and p be a fuzzy subsystem of M. Suppose Supp(p) = Q. If v is
super cyclic, then M is strongly connected.
Q. Then (quqX*Y*)(p) =

Vo {wl@) A 0 (q,x,p) A o*(g,2,y) } > O, since p is
zeX,yeY

super cyclic p1 = (g X*Y") and Supp(pn) = Q. Hence,

Proof Let p,q S

0*(q,z,p) N o*(¢,z,y)} > 0, for some z € X*,y € Y*. Thus
p € S(q). Hence, M is strongly connected.

Theorem 3.27 Let M = (Q,X,Y,0,0) be a fuzzy Mealy
machine and p a fuzzy subsystem of M. Then w is super cyclic
if and only if V p,q € Q, 3 =z € X*,y € Y* such that
8" (p,x,q) No*(p,z,y) = pu(p).

Proof Suppose that p is super cyclic. Then p is constant by
Theorem (3.23). Suppose 3 p,q € Q, V x € Xy €
Y*,0*(p,z,q) AN o*(p,x,y) < p(p). Then

(PumXY)) = V Y{u(p) N (p,z,q) No*(p,z,y)} <

zeX,ye

1(p)-

Thus, p, ) X*Y ™ # p. which is contradiction to p is super cyclic.

p,qg € Q, 3 x €

X*,y € Y* such that 6*(p,z,q) A o*(p,z,y) > u(p).

Then V p,q € Q, 3

w(q) > wplp) A 8 (p,z,q) A o*(p,z,y) = wu(p). Similarly

w(p) > u(q). Hence, p is constant. Now,

PuwXY) )=V A{up) A (p,z,q) Ao*(p,2,y)} =
zeX,yeY

p(p) = p(q). Thus, p,,» X*Y* = pu. Hence, p is super cyclic.

Conversely, Suppose that V

r € X",y € Y such that

4. CONCLUSION

In this paper the results of fuzzy finite state machine are success-
fully extended for fuzzy Mealy machines. We introduced successor,
submachines, subsystem, homomorphism and (super) cyclic sub-

systems for Fuzzy Mealy machines. Along with various properties,
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we have characterized subsystems and (super) cyclic subsystems.

Three classes, based on constants fuzzy sets, fuzzy input-output

sets and fuzzy points, of subsystems are also obtained.
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