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Abstract- In this paper, We define concepts semi g-lattice and down set, proper down set, prime down set, minimal down set for semi g-lattice. We prove

Any prime down set of a semi g-lattice contains a minimal prime down set .

Also we define filter in semi g-lattice and prove F be a non empty proper subset of a semi g-lattice S. Then F is afilter if and only if S-F is a prime down

set Weprove F be anon empty sub set of a semi g-lattice S. Then F isamaximal filter if and only if S- F isa minimal prime down set .
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1. INTRODUCTION

Ivan Chajda [8] introduced the concept of a g-lattice and
defined distributive g-lattice. After that G. C. Rao, P.
Sundarayya, S. Kalesha vali, and Ravi Kumar Bandaru [3]
defined ideals of distributive g-lattice , A. D. Lokhande,
Ashok S Kulkarni [4] in paper ‘Filter and Annihilator in
Distributive g-lattices’ defined Filter in a distributive g-lattice
In paper [4] A. D. Lokhande, Ashok S Kulkarni defined
annihilator in distributive g-lattice A and proved some
properties.

In this paper We define concepts semi ¢-lattice and down
set, proper down set, prime down set, minimal down set for
semi g-lattice. We prove Any prime down set of a semi ¢-
lattice contains a minimal prime down set We prove some
remarks related to filter and maximal filter

2. PRELIMINARIES

Definition 2.1:[3]. An agebra (A, v, A ) whose binary
operations v, A satisfy the following is called a g-lattice.

(i) avb=bva; anb=baAa (commutativity)
(iav((pvec=(@vbvec ; an(bac)=(aAb)Ac
(associatativity)

(iilav(anb) =ava; an(avb)=ana

(' wesak- absorption)

(ivvavb=av(bvb ;anb=aan(bAab (wek-
idempotence)

(v) ava=aAa (equalization)

3. semi g-lattice

Definition 3.1: S is a non empty set and A is a binary
operation then (S, A') where binary operation A satisfy for
al a, b, c € Sthefollowing

1) anb=bAaa (Commutative)

2)an(brc)=(arb)rc (Associative)

3)arb=anA (bab) (Weak idempotence)

Then (S, A) iscaled semi g-lattice

Definition 3.2:
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A semi ¢ lattice Swith O is called O-distributiveif for any a,
b, ¢ € Ssuch that

arnb=0=aAcimpliesan d=0 for somed satisfying dA b
=bAband

dac=cAcC

Definition 3.3:

Let S be asemi g lattice. A non —empty subset D of Sis
caled a down-set if anae D, be Swith aAb=bAb
impliesthatbA b € D.

A down-set D of Siscalled aproper downsetif D#S.
Definition 3.3:

A prime down set is a proper down set P of Ssuch that an b
€ Pimpliesae P or

beP.

Definition 3.4:

A prime down set P is caled minima if there is a prime
down set Q suchthat Q € P, then P=Q.

Theorem 3.1: Any prime down set of a semi ¢-lattice
containsaminimal prime down set .

Proof: Let S be asemi g-lattice with 0. Let P be a prime down
set of Sand let p be the set of all prime down sets contained
inP.

Therefore p ={ Q/ Q isaprime down set contained in P}
Then p is non empty since P € f.

LetC beachaininpandlet M=N{X/X e}

We claim that M isaprime down set.
AsforallarnaePandfor0e S
an0=0A0=0impliesOe P

Therefore 0 belongs to every down set

Implies 0 e M

Hence M isnon empty.

To show M isaprime down set

i)leetarae M, be Ssuchthat bAa=bAb.

Asanra€e Mimpliessarae X ,be Sforal X e € such
that bAa=bAb.
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Henceb A be X foral X € C asX isadown set.
ThusbAbeM
Therefore M isadown set.
ii) Now let x Ay e M for somex,y € S.
Thenx Ay e X foral X € C.
Since X isaprime down set for all X € ¢,
we haveeither x € X ory € X foral X € C.
Thisimpliesthat either x e M ory € M.
Hence M is a prime down set.

Thus by applying the dua form of Zorms lemma to p ,
there is aminimal member of p.
Definition 3.5:
Let S be a semi g-lattice . A non empty subset F of Sis
caled afilter if
i) a,be FimpliesaArbeF
ii)aeS,bAab eF satisfyingarb=bAbthenara€eF.
A filter F of asemi g-lattice Siscalled proper filter if F£S.
A maximal filter F of S is called proper filter if it is not
contained in any other proper filter. This means if thereis a
proper filter G such that F € G then F = G.
Theorem 3.2 : Let M be a proper filter of Swith o. Then M is
maximal if and only if for al ac S-M, thereis someb € M
suchthatan b=o.

Proof: Let M be a proper filter of Swith o.
suppose M is maximal and
for dlbinM, anb#0whereagM meansae SM
Consider the set
M’ ={yeS:y A(arnb)=arb, beM}
Now to show M’ isafilter of S
(1) Letx,y € M’ Implies xA (aAb)=aAbandy A (aA b) =
anb
Now (XAy)A(arb) =xA(yA(arb))
=xA(anhb)
= (aAb)
Implies(xAy)eM’
(2)Now letzeS,yAye M’ suchthatzAy=yAy
means z€S, (y Ay)A(arnb)= anbsuchthat zAay=y

Ay
Now consider
(zrnz)Aa(anb)=(arnb)Ar(zaz)
=(anb)Arz
= zA(@Ab) -------- 0]

AlsoaszAy=yAy

Implies (zAy)A(@rb)=(yry)A(arb)
Implies zA (yr(anb))=(@ab)A(yAry)
Implies zA (aAnb)=(aAb) ay Ay eM’
ImplieszA (anb)=(aAb) -----m-mmmm-- (i)
from (i) and (ii) we write
(znz)Ar(anb)=(arb)
Therefore(zArz) e M’
Therefore M” isafilter of S.

NowasOA (arb)=0

Meansas OA (aAb)#(anb)impliesOg M’
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Hence M’ isproper filter.

Now let be M then3 a¢ M
Suchthat arb#0

Now bA(aAb) = (bra)Ab

:(a/\ b)/\b
=aAr(bab)
:a/\b
Implies be M’
ThusM c M’

Whichis contradiction of maximality of M
Henceforae SM there must exist somebinM such that
anb=0

Conversely let for any element a€ S M meansforag m
thereexist an lement be M withaAab =0
To show that M is maximal :
Now, suppose M isnot maximal then(asO€ S),
there exist a maximal filter M’ properly containing M
means M c M’
Therefore for any element a€ M’ —M, means for any a ¢
M thereexist anelementb € M suchthat arb =0
Nowas ae M’ ,be M’ and as M’ isfilter imply that an b
eEM’
Implies arnb=0€e M’

Which isacontradiction Hence M must be amaximal filter.
Theorem 3.3: Let F be a non empty proper subset of a semi
g-lattice S. Then F is a filter if and only if S-F is a prime
down set .

Proof : Let Fbeafilter of a semi g-lattice S.
To show that S-F isa prime down set
LetxAXeESF,yeSandyAx=yAy.

Then xAx¢ F, yAx=yAy andFisafilter
Implies yAy ¢ F.

Thisimplies yAy € S-F.

Thus S-Fisadown set .
SinceFisafilterand S- F#S.

Thus S-Fisaproper down set .

Now to prove S F isa prime down set.
Let a, be Ssuchthat anbe S-F.

Then an b ¢ Fand henceasFisafilter either a¢F or b ¢F.
Thisimplieseitherae S-Forb e SF.

Therefore, S- Fis prime down set.

Conversely, Let S- F beaprimedown set

To provethat Fisafilter

Let x,y€ F. Thenclearly, X,y ¢ S-F

Hence xAyé&S-F asS Fisaprimedown set.
Thusx Ay €F.

Nowlet yeS,xAXx€eFand xXAy=XAX.
Thenx AXx ¢ S-F and XAy =XAX
Since S- Fisadown set ,

wehavey Ay € S-F.
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Hence yAy €F.

Thisimplies Fisafilter of S.

Theorem 3.4: Let F be a non empty sub set of a semi g-
lattice S. Then Fisa maximal filter if and only if S- Fisa
minimal prime down set .

Proof: Let F be amaximal filter of asemi g-lattice

and S- Fisnot aminimal prime down set .

Then there existsaprimedown set | suchthat 1 € S—F
WhichimpliesF < S- |

Which contradict to the maximality of F.

Hence S- Fisaminimal prime down set .

Conversely, Let S- Fbeaminimal prime down set
and Fisnot amaximal filter.
Thus there exists a proper filter G suchthat F € G
ImpliesS-G < S-F
which contradict the minimality of S-F.
Hence Fisamaximal filter of S.

Definition 3.6: A semi ¢ lattice Sis called directed above if
for al x,y € Sthereexistsz € Ssuchthat zA x=x A xand
ZAY=YAY.
Theorem 3.5: Let S be a directed above semi g-lattice with O.
If Sisnot O -distributive , then the set
F={xeS/xn(arny)=(ary)#0foralyrb=bab
andyArc=cAc}
Wherea,b,ce Ssuchthat arnb=aA c=0, isa proper
filter.
Proof: As Sis not O-distributive , therearea, b, ¢ € S such
that anb=aAnc=0 andarnd#0foradldAb=bAb,dA
C=CAC
As an(ary)=(ary)
Implies a€ F. Hence Fisnon empty.
AlsoasOA (any)=0#(any)
ImpliesO ¢ F
Now to show Fisafilter
Letx,yeF
Impliesx A (aAy)=(ary) and yA (ary)=(anry)
Foradlyanb=bA b,yAc=cAc
Now consider
(1) xA@ry)A(yA(any)=(any)Ar(ary)
Implies((x A (@A Y)) Ay) A (any)=(ary)
Implies(xA (yA(@aAy)) A (any)=(any)
Implies(x Ay) A ((@ary) A (aAy))=(ary)
Implies (XA y) A (@ry)=(ary)
Impliesx Ay € F

(2) Let x Ax€F,ze SwithzAx=XxA xthentoshow zA
zeF

ASXAXEF,zeSwithzAX=XAX

Implies(xAX) A(arny)=(any) foralyrb=bAb, yA
C=CAC

And ze SwithzA X=X A X
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ToshowzArzeF
Wehavetoshow (zAz)A(ary) =(aAry) foralyAb=
bArb,yArc=cAc
AS(zAz)A(any) =(ary) A (zAz)
=((ary)r2)
= (zA(any)
Weshow zA (arny)= aryforalyAb=bAb,yAc=cA
c
Andz e SwithzAXx=XxAX
Consider (zAX)=(XAX)
(zAx)A(ary)=(XAX)A(anry)
(ZAX) A@Ay)=XA (XA (@AY))
ZA(XA(@AY)=XA (XA (any))
zA(@Ay)=xA(ary)
zA(@Ay)= ahy
Impliesze F
Andsince0 ¢ F
Therefore Fisaproper filter.
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