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. INTRODUCTION

A T-semiring was introduced by Raoin

[10] as ageneraization of a semiring. Author studied quasi-
ideals in T'-semirings in [3,4] and gave a definition bi-ideal
in[4]. In

[7] Lajos considered an intraregular semigroup and
proved some properties of it. Kehayopulu and Tsingelis
in

[6] proved that the intra-regular ordered semigroups are
semilattices of  simple  semigroups. Some  more
characterizations of the intra-regular ordered semigroups
werediscussed by D. Lee and S. Lee in

[8]. Shabir, Ali , Batool in

[11] gave a definition of an intraregular semiring and
furnished property of it. Author define the notion of an
intracregular I'-semiring and studied it in

[5]. In this paper efforts are made to prove some properties
of anintra-regular T-semiring. Some more
characterizations of an intraregular I'-semiring by using
left ideals, right ideals, ideals, interior-ideals, quasi-ideals
and bi-ideals of aI'-semiring are studied.

§2. Preliminaries

First we recall some definitions of the basic concepts of T-
semirings that we need in sequel. For this we follow Dutta
and Sardar [1].

Definition 2.1:- Let Sand I' be two additive commutative
semigroups. S is called a I'-semiring if there exists a
mapping 5 x I’ x § — 5 denoted by aeh;for all z,b € §and
for all @ € I satisfying the following conditions:

() eexlb +c) = (aah) + (acc)

(i) (b + claa = (baea) + (caa)

(i) e(e + f)ec = (aac) + (afc)

(iv) ac(bfc) = (aah)fc; foralle,be e Sanda f e T .

Definition 2.2 :- Anelement 0 £ 5 issaid to be an absorbing

Zeroif
Do =0=gal,a+0=04+a=a;forallac 5and
forall @ e T.
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Definition 2.3:- A non-empty subset T of a I'-semiring Sis
said to be sub-T'-semiring of Sif (T,+) isa subsemigroup of
(St)andaxk € T: foraila.b € Tandforall @ €T

Definition 2.4:- A non-empty subset T of a I'-semiring Sis
called a left (respectively right) ideal of Sif T is a
subsemigroup of (S+) and xxa € T (respectively aax T)
for all eeT,xe Sandforall & eT.

Definition 2.5 :- If a non-empty subset T of a I'-semiring S
is both left and right ideal of S, then T is known as an ideal
of S

Definition 2.6 [3]:- An additive subsemigroup @ of a I'-
semiring 5 isa quasi-ideal of & if

(re)n(ers; < Q.

Definition 2.7 [4]:- A non-empty subset E of a I'-semiring 5
isabi-ideal of SifEisa sub-T'-semiring of &
and ETSTEC E.

Definition 2.8 [5]:- An additive subsemigroup I of a I'-
semiring Sisan interior-ideal of § STITS =1

Definition 2.9 [2]:- A proper ideal T of a M'-semiring 5isa
completely semiprime if for any a €%, al'a ©1 implies
ael.

Definition 2.10 [2]:- An proper ideal I of a I'-semiring 5 is
semiprimeif for anyideal 4 of 5, ATA ST implies A 1.
Theorem 2.11[3]:- For any non-empty subset X of ar-
semiring 5 following statements hold. (1) STX is aleft
ideal of 5. (I1)XT¥ isarightideal of 5. (111) STXTS is
anideal of 5.
Corollary 2.12[3]:- For any element o of a I'-semiring 5§
following statements hold.

(1) 5Ta isaleft ideal of 5. (1) al'S isaright ideal of £.
(1) 5Tal’5 isanidea of 5.

Now onwards & denotes a I'-semiring with an absorbing zero
unless otherwise stated.
Theorem 2.13[3] :- Let o be any element of 5. Then
(e} =Npa + 5Ta, (a), = Npa+ al5

and () = Nya +5Ta + al 5 + 5Tal'5, where N, denotes
the set of non negative integers.
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Theorem 2.14[3]:- Let & be any element of 5. Then a
quasi-ideal of 5 generated by & isgiven by

(a)g = Noa + (STa) N (al'S), where N, denotes the set of
non negative integers.

Theorem 2.15 [4]:- Let & be any element of 5. Then a bi-
ideal of 5 generated by a is given by
(&) = Npa + Ny(aT'a) + aT 5T a, where N, denotes the set
of non negative integers.

Theorem 216 :- Let o be any element of 5. Then a
interior-idea of 5 generated by a is
(a); = Nya + 5Tal'5, where N, denotes the set of non
negative integers.

Definition 2.17 [5]:- A T-semiring 5 issaid to be an intra-
regular T-semiring, if forany x & 5, x & STx[xT 5.
Example 1:- Consider a set 5= {0,a.b} and two binary
operations + and - aredefined on 5 asfollows

+ 0 r1 h
0 0 & b
a a a a
b b a b
+ 0 a b
0 0 a b
a a a a
b b a b

Let T=25.Thenboth (5.+J)and (T.+} are commutative
semigroups. A mapping 5xITx 5 — 5 is defined by
xay=x o vy, fordl x,y €5, el. Then § forms a
I'-semiring. Here 5 isanintra-regular T'-semiring.

Theorem 2.18[5]:- 5 is intraregular if and only if each
rightideal R andaleftideal L of 5satisfy R L = LTR.
§3. Properties of an Intra-regular I'-semiring

Properties of an intraregular T'-semiring are
furnished in the following theorems.

Theorem 3.1:- In an intracregular T-semiring 3, anideal of
5is anidempotent ideal.

Proof :- Let 5 bean intraregular I'-semiring and I be an
ideal of 5. For any a€&l, we have €& STalals,
Therefore a € STalal'5 € STITITS = (STOCUTS) € IT1
This gives I ITI. As ITIc ! holds always, we get
ITI = I. Thereforean ideal of 5 is anidempotent ideal.
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]Theorem 3.2:;- If E isanidea of an ideal of 5, then
(B =(BIT(BIT(B)c E.

Proof ;- Let B be anidea of anideal A4 of 5. Therefore
(BIT(EIT(E) CAT(BITA=AT(E +BTS L+ 5TE+
STETSITA=(ATE + ATETS+ ATSTE + ATSTETSITA S
(R L ETS+ATE + ATETSITAC(R + RTS+R +
ETSMASE+ETA+E+ETACSE

. Thus we get

(B =(BIT(BIT(B)c E.

| |

Remark :- Anidea of anideal of al'-semiring § need not
beanideal of 5.

Example 2:- Let 5 = {0.1,2,3}. Two binary operations +
and - aredefined on 5 asfollows.

o
=

2

w

w| | No| |Fo| | @ || @

&
0
6
f
0

o || ||| D@| @
o| || ||| D|| P

)
P
4
§
3

If T=5,then (5,+) and (I.+) both are commutative
semigroups. A mapping 5= Ix 5 — 5 is defined by
xar =x-y,; foral xy in 5and o« =I. Then 5formsa
I-semiring. Here I = {0,1,2} isanidea of 5. B ={0.2}
isatwo sided ideal of anideal I of 5. But E isnotanideal
of Ssince 3g2=1gBE, fordl wel.But in an intra-
regular I'-semiring 5 we have Theorem 3.3

Theorem 3.3:- In anintraregular T-semiring 5, an ideal
of anideal of 5 is anideal of 5.

Proof :- Let 5 be anintraregular T'-semiring, A be an
ideal of 5 and E beanidea of A. Hence by Theorem
3.2, wehave (B)* =(B)T(BIT(E) = BE. By Theorem 3.1,
we have any ideal of 5 is an idempotent ideal. Therefore
(B) = (BIT(BIT(B) = (BITE) = (B). Thus (B} € B. As
E = (EB) holds always, weget (B} = B. This showsthat B
isanidea of 5.

Theorem 3.4:- If Sisintraregular, then any proper ideal
of 5is semiprime.

Proof :- Let 5 bean intra-regular I'-semiring and P be a
proper ideal of 5. Let A beanyidea of 5 such that

ATACP. For any a €4 we have g € STalals.
Hence we have

STalal'S © STATATS — (STAJT(ATS) C ATAC P.
Therefore @ € F. Thus a € 4 implies @ € P. This shows
that 4 = P. Therefore P isasemiprimeideal of 5.
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Theorem 3.5:-If 5 isintraregular, then a proper interior-
ideal of 5is semiprime.

Proof of following theorem is straightforward so omitted.
Theorem 3.6:- If 5Ta = Soral'§ = 5 holdsfor all
@ € 5,then § isintraregular .

§4. Characterizations of an Intra-regular T'-semiring
Various characterizations of an intra-regular I'-semiring are
discussed in this section.

Theorem 4.1 :- In 5 following statements are equivalent.

(1) 5is intra-regular.

(2) Each ideal of 5 iscompletely semiprime.

(3) a € (aTa), forany a € 5.

@) (a) = (ala),forany a € 5.

Proof :- (1) = (2) Let P beaproper idea of 5. For @ be
any dlement of 5, alaSP. As a€5and 5 is intra-
regular, we have a € 5Tal'al'’5. Therefore
STalal'§ T STPTSC P, Hence a € F. Thus
alla & P implies a € P. Therefore P is a completely
semiprimeideal of 5.

2 =) Let ¢ E5. Wehave STal'al'Sisanidea of 5.
By assumption ST al’'al’5 isacompletely semiprimeideal
of 5. Therefore (al'a)T(al'a) S STalals implies
all'a & STalal'5. Hence a € STal'al's. This shows
that 5 isan intra-regular T-semiring.

(2 = (3) Let a C5. By assumption {(ala) is a
completely semiprime ideal of 5. We have al'a = (al'a)
aways. Therefore a € (al'a), forany a € 5.

3 = (4 Let a£5. By (3, a € (ala). Therefore
(a) S (aTa). Now

(al'a) = Ny(aTa) 4+ ST(alc) + (ala)TS+
ST(ala)TS EN,y(5Ta)+ STa+al'S 4+ STalSCc
STa+alS 4+ 5Tal5< (a)

. Hence (&) = (aTa).

(4) = (2) Let P be aproper idea of 5. For @ be any
element of 5

(a) =(ala). Hence ala S P implies (al'a) € P.

ala S P. By (4), we have
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Therefore (@) = P. Hence a € P. Therefore P is a
completely semiprimeideal of 5.

Theorem 4.2:-5 is intra-regular if and only if each interior-
ideal of 5 iscompletely semiprime.

Proof ;- Let 5 bean intraregular I-semiring and P bea
proper interior-ideal of 5. For @ be any element of 5§,
al'a © P. Then we have a € ST'al'al'5. Therefore
STal'all'§ & STPT'5 & P.Hence a € P. Therefore P
isacompletely semiprimeinterior-ideal of 5.

Conversely, assume that each interior-ideal of 5 is
completely semiprime. Let @ € 5. Wehave STal'al'Sis

an interior-ideal of 5. Therefore by assumption STal'al's
is completely

(aTa)T(ala) S STalal$s
all'a & STal'al’'s . Hence a € STal'al'S. This shows

semiprime. Hence

implies

that 5 isan intra-regular I'-semiring.

Corollary 4.3:-5 is intra-regular if and only if each ideal of
5 iscompletely semiprime.

Theorem 4.4:- In 5 following statements are equivalent.

(1) S is intraregular.

) (x), E5T(x),T(x),TS

©)

(x) N (l)q =
(ST(x),T(x),TS) N (ST{x), [(x),TS)

4 (x), €ST(x),T(x),TS

Proof - (1) = (2 Let a&(x), Therefore
a € STal'al'S € ST(x),I'(x),TS . Hence
(x), € ST(x),T'(x),TS.

(2) = (4) Implication holds as every quasi-ideal is abi-ideal.
(49 = (1) Let =xE 5. Therefore
(x), € ST(x),I'(x),TS. Now

by assumption,

ST(x),T(x), TS = (ST(Nyx + (STx) N

(xT5)))T((Npx + (STx) N (xTS))TS) €
(STx)T(xTS5)
. Hence x € (qu € STxTxT5S. Therefore 5 is intra

regular.
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(1) = (3) Assumethat 5 isan intra-regular I'-semiring. Let
a € (x), N (xl,. Therefore
a € STaT'al'S € ST(x),I'(x),T'S and
& STalals =5T(x),T(x),T5 . Hence

(x)y N (qu <

(ST(x),T(x),TS) N (ST (x),T(x),IS)

(3) = (1) Let x € 5. Therefore by assumption,

(x), N (qu c
(ST(x),T(x),TS) N (ST (x),T(x),IS)
. Now

ST(x),T(x) TS = (ST(Nyx + Ny (aTx) +
xI'SU) U (Vo + (S1'%) N (xS)S) =
(STx)T(xI'S)

. Hence ¥ £ (x), N (x), € ST*TxTS. Therefore 5 is

intra-regular.

Theorem 4.5 :- In 5 following statements are equivalent.

(1) §'is intra-regular.

@ (), 0 (1), € (), T (@), TS

@ ()N (x) g € [x);T(x),TS

@ (x) n (x], € 5T(x),T(x),

8 (x),. N (x) g € ST(x) I(x),

Proof - (1) = (2) Let a €(x), N (x),. Therefore
a € STalalS< ST(x),I'(x),TS . Hence
(), 1 (), € (2),T (@), TS.

(2) = (3) Implication holds as every quasi-ideal isa bi-ideal.
(3) = (1) Let =x & 5Therefore
(x); N (x), € (x),T(x),TS. Now
(x),T'(x) TS = (Ngx + (ST2) )T ((Nyx + (5Tx) n

(xT'S)ITS) € (STx)T(aI'S)
. Hence

by assumption,

x € (x), S STxTxT'S. Therefore S is intra-regular.

(1) = (4) Assumethat 5 isan intra-regular I-semiring. Let
a€(),n(,

Therefore a € STal'al'S € ST(x),I'(x), and
a € STalal'S S ST(x),T(x),I'S €5T(x),I'(x),.
Hence (x), N (x), € ST(x),T(x)..
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(4)=(5) Implication holds as every quasi-ided is abi-ideal.

5)=@1) Let X ES. Therefore by

assumption, (x),. N (x) ; S ST(x) ;T (x),. Now

ST{2), T (), — (sr[Nﬁx + (51":,))] I(Nyx +
(STx) N (xTS)) S (STx)T(xTS)

Hence x € (x), N (x), S STx[xTS. Therefore S is
intra-regular.

Theorem 4.6 :- In 5 following statements are equivalent.

(1) 5 is intra-regular.

@ (x); N (x), N(x), € ()T (x),T (2,

(3 ()N (x) N (x), € ()T (x),T(x),

@ (x); N (x)5 N (x), € (x),I(x)  T(x],

® ()N (x) N (x), € ()T(x),T(x),

Proof - (1) = (2 Let a€ (x);n(x),n (x),

Therefore

a € STalal'S S (STal'S T(alSTa)T(al's) S
(ST(x),FS)T((2),TST (x),)T((),I'S) S
(x),T(x),,[(x),.

. Hence (x), N (x), N (x), S (x),T(x),[(x),.

(2 = (3)and (4) = (5)

Asevery ideal isaninterior idea, implications follow.
(= @and(3) = (9

Asevery quasi-idea isa bi-ideal, implications follow.

5 = (1) Let =xE 5. Therefore
()N (x), N (x), € ()T (x),T(x),. Now
()T (x),I(x), = (Npx+ STx + x5 +

STalS)T(Nyx + (STx) N (xTS))T(Nyx +xTS) €

(STx)T(xTS)
. Hence x € STal'xT5. Therefore 5 is intra-regular.

by assumption,

Theorem 4.7:- In 5 following statements are equivalent.
(1) 5is intra-regular.

2 (), n(x)y N (x); € (), T, T ()

3 ()N (x)yn (x); € (x),T(x),T(x)

@ (x); n(x) g N (x); € (), T(x) M)

® ()0 ()N (@),  (1),T(), T &)

Proof :- (1) = (2 Let a € (x),n(x), N (x).
Therefore
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a € STalalS < (STsTa)lal(STals) =

(STST(x) )T (x), T (ST (x),TS) € (), T (x), (),

Hence (x); N (x), N(x); € [x),I(x),T(x).
(2= (3 and(4) = (9
Aseveryideal isaninterior ideal, implications follow.
(2 =@ and(3) = (5
Asevery quasi-idea is abi-ideal, implications follow.

B) = (1) Le¢ x&5 Therefore by assumption,
(x) N (x) g N (x)y € (), T () T (x). Now
(), T(x), r(x} = (Nox + SI‘x}I‘(NGx +(STx)n
(xTS)IC(Nyx + STx +xT5 + STxlS) € (STx)T(xTS)
Hence x € STxTxTS. Therefore 5 is intra-regular.
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