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Abstract- The aim of the present paper is to establish the existence of solution of Fuzzy mixed integro-di

erential equation.

. INTRODUCTION

Integro-differential equations play an important role in
characterizing many social, physical, biologica and
engineering problems. The study of fuzzy integro-differential
equation has gained importance in recent times. In [9, 11],
Lakshmikantham et. a. and D. O' Regana et. al. assumed that
even if only the initial value is fuzzy, the solution is a fuzzy
function, and consequently the derivative in the integro-
differential equation must be considered as fuzzy derivatives.

In this paper we study the following fuzzy mixed integro-
differential equation

#0) = F (100, [EG.Gds [ he9x6ds)  (1.2)

X)) =x,tel =[0,T], (1.2)
where, F: | XE"XE"XE" = E".

Many authors deal with existence, uniqueness and other
properties of solution of special forms of (1.1) - (1.2), see[1,
2, 3, 13] and references cited therein. Recently, in [6] T.
Donchev proved existence of special form of (1.1) - (1.2).
The aim of present paper is to prove existence of solution of
first order fuzzy mixed integro-differential equation subject
to given fuzzy initial condition. The main tool employed in
our anaysisis fixed point theorem.

2. Basic concepts

The Fuzzy set space is denoted by E" = {x/x : R" = [0,1]; x
satisfies conditions (1) to (4)}
(1) xisnormal i.ethere existsy, € R such that x(yo) = 1,

(2) xisfuzzy convexi.e. foranyy,ze R'and0 < A < 1,
XAy +(1-21)2) = min{x(y), X2},

(3) xisupper semicontinuous,
@) [X°=cl{y e R": x(y) > O} is compact.

Theset [{]* = {y € R": x(y) > o} iscalled as a-level set of
axVa e (0,1).

Let fuzzy zerois defined by,

Fr.s _ [0 y=0
&) =1, Y=o
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LetD: E"xE" — [0,%) defined as
D (ey)= 225, Da(X% V1%,

D (A, B) = max { 72 523 la — b1, 55 7% la — Bl

is the Housdroff distance between the convex compact
subset of R". Here D is a metric on E". From [7], E" can be
embedded as a closed convex cone in Banach space X, the
embedding map J : E" — Xisisometric and isomorphic. The
function g: I —+E™ is said to be simple function if there exists
a finite number of pairwise disoint measurable subsets
I1,0203,. . o ln Of I with | = UE_, I such that g(-) is constant

on every l. The map
F: 1 — E"is said to be strongly measurable if there exists a
sequence {F 1= _. of simple functions Fr, :I — E" such that

D(Fm(t),F(t)) oasm— o Vtel.
In the fuzzy set literature, the integral of fuzzy function is
defined levelwisei.e. there

exists g(t) € E" such that [g]“(t) = [L[F]= (s)ds

If g() : I = E"is strongly measurable and integrable then
J(g)(-) is strongly measurable and Bochner integrable and J
(_I'.Drg (=) rix') = J.-th (gl<dds T8 =T

From [7] we recall some properties of integrable fuzzy set
valued mapping.

Theorem 2.1. Let G, K : | = E"isintegrableand A € Rthen
() [ @G®+EK@®d=], c®)dt + [, kK (t)dt,

iy [, i6wde=24f c() 4t

(i) D (6. K) isintegrable
vy Dl, 6 de [, K (£)de)
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v <[ (Dl K @®)dt

Definition 1. A mapping F : | — E" is said to be
differentiable at t e | such that there exists F(t) € E" and
limits

. + Flt+Rl-F ()
lim h_0 Sl M0

Fl-F(t-h

and lim,_o" exists and

equal to F(t).

At the end point of | we consider only one sided derivative.
Note that E" is not locally compact [12]. Consequently we
need compactness type assumption to prove existance of
solution [5].

Let Y be complete metric space with metric gy (-,-). The
Housedroff measure of
non-compactness B3 : Y — R for the bounded subset A of Y

B (A) =inf (d>0 /A can be covered by finite many balls
with radius < d)
and Kuratowski measure of noncompactness g : Y — R for

bounded subset A of Y is defined as.

pg(A) = inf (d> 0 / A can be covered by finite many subset
with diameter <d).

diam (A) - SUpapea py (@ b). [11]  p(A) < B (A) < 2o (A).
Let v(-) represent the both # (-) ,p (-) then some properties of
v(-) arelisted below.

(i) v(A) = Oiff Alisprecompact i.e cl(A) is compact

(M) v(A+ B) = v(A) + v(B)

(in) If Ac B then v(A) < (B)

(iv) w(A L B) = max (v(A), v(B))

(iv) v(-) is continuous w.r.t Hausdroff distance.

Theorem 2.2. [8] Let X be separable Banach space and let
{gn (3=, be integrably bounded sequence of measurable
functions from | into X then t— S( gn(t), n>1) is measurable
andg

(JF:MUQ:' () ds) = ftr+nﬁ{u'gi (s)) wherett+hel
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The map t — (ugi(t)) is a set valued (multifunction).The
integral is denned in Auman sence i.e. union of the values of
integrals of al (strongly) measurable selections.

Remark 2.1. Since the embedding map J : E" — X is
isometry and isomorphism. It preserves diameter of any
closed subset 5(A) = p(J(A)) for any closed and bounded set

AcE".
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Theorem 2.3. let if,}_, be a integrally bounded sequence

of strongly measurable fuzzy functions defined from | into E"
thent = p(f(t), m>1) ismeasurable and

p (fu fin () ds)ii 2 J:p (U £ () )ds.

Theorem 2.4. Let u (1), f(t), g(t), h(t) e C (I,R.) and suppose

for
tel,u(t)<c+

JF,Z ) + [uls) + J:ﬂicﬂu (cde + f,: hich () de] ds,

where
¢ > 0isconstant.

'fd:fr: hls) exp {J: [F&@) + g (r]}dr])ch 1 then
u®) s e ([IIFE + a(s)ds)

3. Main Results

In this section we state and prove the existence of solution
of Fuzzy mixed integro-differential equation.

Theorem 3.1. Let inthe domain Q = {(t,x,y,2) € | X E"x E" x
E"} the following conditions hold

() Let F:l xE"XE"x E" — E"issuch that
(i) t = F(t, %y, 2 isstrongly measurable
X y,ze E,
(i) (%, y, 2= F(t, X, y, 2) is continuous for all most
al t el.

(1) For all non-empty bounded subset A,B,C
eE"and 2 () e L'(I, R,
g(F(t A BC) < 2()(2(A) + p(B) + 2(C)).

(1) Thereexistsa(?),b() e L*(I,R,) such that
D(F(t, X, ¥, 2),7) < a(t) + b(t)(D(x, &) + D(y, &) + D(z, &))

forall (t,x,y,2 €Q.

VK, H:A=(9; 0<s<t<a— R.iscontinuous
function.

Then equation (1.1) - (1.2) has at least one solution on the
interval I.

Proof. We will show that the solution of (1.1) - (1.2) is
bounded. ]

t t T
D(x(t).6)=D(x,6)+ D (J‘ F (s,x(s],f k(t, 9)x(s)ds, f ht,5)x(s) ds) s, é}

ot ! t r ]
iﬂ{xn,ﬂ + ’ I (F {s,x{s], [ k(t,s) x (5)ds, " hit,s) x {s]ds) ds,§|'

" o o

_ . t
iDLxD,eH[ 1a () +b(s]
i}

|
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t
D{xn.é?} +D (r k ft,s]x(:]ds_ﬁj

T ds
+a(f h:t,s:x@ds.é]

]
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where, EXISTENCE OF FUZZY MIXED INTEGRO
Ky =maXggea K 9| and Hy = maXg < a| D(t, 9)]. DIFFERENTIAL EQUATION
Let m(t) = D(x(t), &) hence we get Now

r | D ( f e ), (), [ e, )xls) ds) < f D (ke ), (). ke )x(s) e
mis) 4, [ n([dr+ 4, [ nDir ’ ' '

r I
D 0

nQ)=nl+ o 6+ i 5By
1]

<K, [TD(x,(s),x(s))ds = Oasn — oo,

By theorem there exists Mg > 0 such that
= D(X(t), &) < Mo. T T t
m )= PO, &) Mo D ([ Ao, 0 | h{t,s]x(s]ds]ii [ D{at. %, 0. x)as
v ] o

Now, consider
r f <Hy fE D (4(5), x())ds — Oasn — oo,
D (J‘ kg, s)x (s)ds, §] < J‘ D{k{tJS]x{s],§}d5 adp {-1'_ x } s

Thus by (7) it followsthat D (P[x,(t)], P[x(t)]) — Oasn—

Fof g oo uniformly on I. Hence P is continuous operator on Q.
= Ky -II.D UI,_J:QS:I; E"}ds*’_—: K, MoT =My,

The function t — J’;.u {s) ds is uniformly continuous on

T .. T - closed set | i.e there exists 7 > 0 such that
D U hit.s)x (s) ds.ﬁ‘} gf D(hit.s) x (s).6)ds 7
o o

|J',_:.u {(t)dr] =2 ¥t.5 =1, with |t — 5| <. Further for each m

r r A —
<dy fy D(x(s). §)dss Hy MoT =M, > 1 wedivide | into m subintervals [t;, ti.]

Therefore, witht; = E

D(F (tx@.J; k G (ds, [y h(69)x)ds) 6) <a®) + Mb(e) = u) G = [ 5 e

Tmith = {::'_rmir—rL-I ift =[f; Eisa]

where, M= Mo + My + M, &) and b() € L' (I, R;)andp Then x, € 2 foreverym> 1. Fort e [0,ty]

() e L' (I, RY). | }
]

’ Dl (0] 5,0) = .o( [ F (s,xﬁ_(s] [ e ) Ods, [ A, ijr,_@ds] is
Letc= [, u (s)ds + 1. Define 0 0 0

ty t T
Q={x(-) e c([0,T], E") /supciom D (X(t), %o) < c} < f D (F (s,x,,_{sj,J‘ k(t,s)xm(s)ds,J‘ h{t,s]xm{sjds},é"] ds
Clearly Q isclosed, bounded and convex set. o o o
We now define the operator P : ¢{[0,T],E"} = ¢{[0,T], E"} ty
by g[ uis)ds
o

t T

k(4 5)x(s) ds, [ ' h(t,s]x{s]ds) ds t el And for t [t, ., t-t < = and hence
' D(Plx ()], % (8)) = D (Pl (D1, PLxp (e &)1

t t T
=D U‘r—rL-F (s,xm(sjj;k{t,s]xm(s]ds,-]‘n hit, s]xm(s]ds] ds, §]

PLO] = 5+ j f (Lx(sl [

Now

D Plx(dlay)= D ( J:F (s,x(s], JD e s, jn .98 ds], éj
.

£y
< fn D (F (s,x{sj, fn k(e )ds, jn “he 9)x() ds), é‘) ) ff— ’

Ly
= J‘ _ uis)ds,
T

“m

r T
(.r (s,x“(s], [ ke, 5)x,,(s)ds, [ h(t,s)xm{s]ds]ﬁ] ds
D i

= I-_u'fs]ds{ c.
0

Therefore limy _ D(P[Xm(t)], Xm(t)) = 0 on [0, T]. Let

Hence P[x()] € Q2 i.e P[Q] < Q and P(Q) is uniformly A={X(N\M = 1}

bounded. Now we will show that P is continuous operator on . . . .
P Now we claim that A is equicontinuous on [0,T]. Ift, s e

Q Let x,(-) € Q such that x, (-) = x(-) then ] [O,%] then DU x(9) = 0 if0< s sis f < T

4 t T
DL, 1P = D ( [ P (s,xﬁ(s], [ k(o 9x,6ds [ h(t,s]xn(s]ds) s
0 0 D then

At T

t t T t— T \
J‘ F (s, x CS:I,J‘ K (t, 5)x(s) ds,J‘ hit, =) (s) ds) ds) D{x,(t) xp(s)) = D (%*‘ [ F (L-.,xm([_-.],J K, gj_rml:[;]rjrj,[ h(s,g]_(m{[ﬂdngD\
o o o ] ] ] J }
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iffnf-:_'lﬂ (F (cx (), f k(t, o), {:s]dcsf his, oxy, {tﬂdﬁ J‘ J‘F—"E (AGD))drds

A.D.LOKHANDE, V. V. KHARAT AND A. H.
KANGALE ng K, (t—7) p(A(x) )dr
o

T

I.‘—E r
EJ‘ wulcldo= J‘ wlcldo = for It —sl = ¢
n n

I m

-t
<K, T J o (A(D))dz.
Andif Z< s<t<Tthen D(X(t)Xm(S) < = for [t— 9 < . ¢
m - EXISTENCE OF FUZZY MIXED INTEGRO-
Hence A is equicontinuous on [0, T]. Now we will prove that IFFERENTIAL EQUATION
Ais precompact for each te [0,T]. We have Similarly

p{ﬂ(t]}:‘_a(J‘r_%F (s,A{sJ,Jrk(t, S)A(s) ds,JTh{t,sJA{s]ds)) “(L He0A6) db) ol U; WG t) ) s, m 2 1)
l i) i ]

o T

2 f o050 x, () m 21)ds
i}

I'lr r r ¥
+p |Jr_%:: (s.,q{sj,[n k(e )AGS) .:zs,fn .l{t,s,ﬂ':sjds)) a2 [H enm 200
’ o
Given = > 0 we definem(s) > Osuch that [ zu(s)ds < < vt <2 [7Hyo (A )asAnd
r T r T
= [0Tandm=m (e) Jp([ h{t,s]ﬂ{s]ds)ds 5[ 2 [ Hyp (4())drds
Therefore. b o o 0
t t T t T
_F |5 Als), t, s 1A (s)ds, 10z, s)Als)ds =2 Hyp {H{ﬂ }deT
_o(J;__Er( -‘i]J‘Dl-:t JA (s J;l{ ]-‘1{]&)) J;I

-T

=p (jr (5 Ty, J k(t,s) x,, (s)ds J hit,s) xp, (5) ds] dsim E‘(E])

0

r
< J; Hy [t -7 f40@)) ar

t
SH_\,TJ‘ p(A(D) )dr
: - i
=2 (J;_% H{S*ds) = Therefore we obtain
plal))=2 f A(5)[plA(S)) + Ky Tp(A(s)) + HyTp(A(s))]ds
]

t r T
~p(al)zp U F (s,ﬂ(le‘ k (t,5)Als)ds, J hit,s)A(s) ds] ds]
' ? ' Due to Gronwall inequality

t t T - r
<2 _a(F (s,,acsj,_[ e | h(t,s]ﬂ(s]ds])ds pla®)sr [ o (4@)as

T

r t " T ]
€2 f A () [o(A(s) +p (J k (t,s]A{sts]+ p U hit,s)A(s) ds]]ds where R = exp (2 A+ K T+HIT fn Alt) dt)
o i} d i}
t
Now ‘ - plA)= f o4 (s)ds.
p( [ Kfs,ﬂﬂ'f,s]ds] gp([ k{s,ﬂxm{ﬂds,mél] °
‘o o Therefore p(A(t)) = 0 and hence A(t) is preconpact for

r
every t € [0, T]. Since A is equicontinuous and precompact
=2 J;P (kels, t)xp(s).m 21) ds hence Arzela-Ascoli theorem hold in this case. Thus the
¢ sequence {=, (t)}2-, converges uniformly on [0,T] to a
22 J;K—‘--D Cem(s).m 21) ds continuous function x(-) € Q. Due to triangle inequality
r
<2 f Kyp(A(s)) ds. D (P[x(t)] x(t)) < D (P[x(t)] .,P[x,()]) + D (P[Xa(t)] Xo(1)) + D
And (*a(8).x(1)) — 0.
T n Hence we have P[x(t)] = x(t) for al t € [O,T], i.e. x(t) is
J | (J‘ © (£, 5)AC5) ds) J‘ J‘ Kyp (A7) Jarsolutionof (1.1) - (1.2).
o

ISSN:2278-5299 46



International Journal of Latest Research in Science and Technology.

REFERENCES

1. K. Baachadran and P. Prakash; Existance of solution of nonlinear
fuzzy Voltera-fredholm integral equation, Indian J. Pure Appl.
Math., 33 (2002) ,329-343.

2. P. Balasubramaniam and M. Chandrasekaran; Existance of solution
of non-linear Integra-differential equation with nonlocal boundary
condition in Banach space, Atti. sere Mat. fis. univ. mode.ua XL VI,
(1998), 1-13.

3. P. Balasubrameniam and S. Muralisankar; Existence and unigqueness
of fuzzy solution for the non-linear fuzzy integro-differeiitia
equation, Appl. Math, left., 14 (2001), 455-462.

4. J. Banas and B. Rzepka; An application of measure of Asymptotic
stability, Appl. Math, lett,16 (2003),1-6.

ISSN:2278-5299

47



